BEA AR 2810 Discrete Mathematics Notes

22k} / Main references:
MIT 6.042J / 6.1200] Mathematics for Computer Science, Rosen Discrete Mathematics and Its Applications, <BESHEUEZE I Y A ChR,
DI AREL . quiz 5% STHPR

1. 2% 5iF B / Logic and Proofs

1.1 £ 5 Bk 4515 / Propositions and Connectives

Definition / %&

v B E EAE I BFiR . A proposition is a declarative sentence that is either true or false.
H; FH B 4577 / Connectives:

e 3k /negation: —p, 4 HALY p Ay HE.

e H /conjunction: p A q, 24 HALY p Fil ¢ FREN N E.

e 1 /disjunction: pV q, 4 ZE/D—AHENNE,

o il /exclusive or: p® q, SIAIF— N NER N E.

e 74 /implication: p — q, HFH p EH ¢ (R AR

o XU4fF / biconditional: p <+ ¢, 4 p Y5 ¢ FLAEHE ME.

Key formula / #0243
p—qg="pVg,
peg=p@— 9N (Q—Dp), (1)
p®g= PV A-(pAa).

Proof / il

FHEAERTE. X p A1 g & —Fh AR, WA EEEHE. DES B, p—=qf —pVe#AEp=1T,q¢=F i RHE.
Use / B4 A1

BBEG B, B — 5 < BUk -, A, v, FRHEERAR AL . In proofs, replacing implication by —p V ¢ is often the fastest
way to convert to CNF or DNF.

Pitfall / By%5 5,

p— g ARERRRY, HE—AEEEE ST p W, BAEESHHE,
it BEEE. KER. FJER / Truth Tables, Tautologies, Contradictions
Definitions / 5& ¥

— A AR A I FERE T HOI L, FROK R/ tautology . UNRFEFTA M T #M . FRMT X / contradiction. HISRAT I
FATIHEL, FR79 contingency / A (AR IEIEAKI) ©

How truth tables work / BLE 3 Wi 247 5

B n AR RN AKX, REN X SRR BRI G 2FPE, Frilads 2" 7. Fmta=XEeik 2t 174
FAEMR, ENTE#E .

Example / (5138: Gk BI0BcHE

JIERH:



pV(pAg) =p. (2)

A ERAAER . WA DUIE SRR 25 p ME, WAL pV (pAq) AE, HAWHE. #p A, WpAqhfi. FrblzlRi. #
WA IS

Algebraic proof / fXEIE

pVAg=p@EAT)V(PAQg)

S g
=p.
How to use / B4 M
W TR AR A e X A AR
AU(ANB) =4, AN(AUB)=A. (4)

Trap / FiBf

FAEFIEW RS, (AT RAIREON K . AR L IO Je 00 S N At S LIE
1.2 44 / Logical Equivalences

Theorem / 5E#H

LU S SRR AR p, g, FIROLo

p AT =p, pVF=np,
pVT =T, pANF=F,
pVp=p, PAp=Dp,
——p =p,
pVqg=qVp, PAG=qAp,
(pvgVvr=pV(gVr), (pAg AT =pA(gAT), (5)
pV(gAT)=(pVg A(pVr),
pA(gVr)=(pAg V(pAT),
=(pAg)=-pV—g
=(pVg =-pA—g
pV(pAq) =p, pA(pVa) =p,
pV-p=T, pA—-p=F.

Proof / iEBY
Rosen MIFRHEIERA 77 VA2 BUE % . MIT H i E A 1A AR /RAREHN o 428 =Uma i BUE R — 2, &
Use/ B4 H

o fbfara: M p = ¢=—p V. FHTEEEAREHOA EHE 2 Tl
o GERAMAEZHAAEN: TUHEER, WUl RE 8 S0
o GREFFAAFFINT: PEEEARANE H TR 2 A U -

Pitfall / By s,

SRS, B ARV SR, VALK A S I RS e N 4 B AR AR o
PRAS RTT . B 5B S {E / Equivalences and Proof Writing

Worked proof / il8i: iEAE 7 =BHE

M FHp—qHqg—r, Mp—r.

Direct semantic proof / i& ¥



Wik p—qflq—r#AE. ZiEHp —r, ATHEEp AEMWEN. #Hp ., Hp—=qfqH: Hao—rfr B, illp HE r
H, Hitp—r HE.

Algebraic proof / =ik B

HARAK N :
(p=aA(g—r)—=(—7) (6)

THENSE
P=aN(@g=r)=(pVeA(mgVr). (7)

SRR p 3L, IR AE TR ¢ JT, 55 BRI ¢ Bl. FTDAATTREHSBIRTR L. p B r R B .
How to use / B2 M

FUERAI A —E ZH | e B L . A H R UGN, S S S B E R ERE, B FMm s p)
HEBRHR AT LA

Common mistake / % WAEIR

M p — g Fl g FSREHEH po XM affirming the consequent / 1 & J5 fFiZ1%.
1.3 iH17) 5 &7 / Predicates and Quantifiers

Definition / & X

51 P(x) 78 R ar SR BRI AS B4 i i

o A4 FRE 1A / universal quantifier: Yz P(x) means P(z) is true for every x.
o TEYERHA / existential quantifier: 3z.P(x) means there is at least one z with P() true.

o [fi—Y£¥E / unique existence: 3!z P(x) means exactly one x satisfies P(x).

Theorem / & 7 E
—Vz P(z) = 3z —P(x),
-3z P(z) = Vz —P(z), (8)
Az P(z) = 3z (P(x) AVy(Ply) = y= m))
Proof / #IE W

“FEAERTA @ #R R P SN TR A o MR P7o CREEE P 27 SN TS o MR P METRTES PTG : 17
TE—ANWIE z, FHFHEBRS—MHE Py BETE,

Use / B4 11

o BAaFRaA: KA. BHER] 3z -P(2).
o GEMIFTEM: HiE— A IIIE o FFRIE P(a).
o GEMIME—PE: SEIERIETE. FHRBLa A0 b MR i a = b

Pitfall / Sy
B T AN RE A 4 -
Va Iy P(z,y) # JyVz P(z,y). 9)
HI# RV y B« B0 JREZRE A y M = AR
PRASRTIT . B WA F3I455 / Logic: Translating Statements



%O HE3 / Goal

WHRUUR BB A REMAS, MRS —AERIRE T LLERER . Translation is the bridge between natural language and proof.

# Wk / Keywords

o CFTATUERTEATEE RN V.

o IR E DA RAEFRIEN 3o

o “BEARIEIEREPIA LSRRI SAREE
o W AEIRONAAE B

o “H...... m...... "EEN P — ¢
o CEUPYPESEI: “p Y IR FUE p L. @ RAURIT. W p - o

Example 1/ 58 1
A EBIRA — A HLE R B B S

Solution / fi##:

XIGIEREEL, UV REEE Zo AP i AR RANERARR . A A B RO N B AR A -

Vn € Z3m € Z (m > n).
AR EA, FOABEERE n, WHRIEm =n+ 1.
How to use / B2 M
HERA Vodm g, SeBUER n, TR n A41E me XE mou] DUREL no
Example 2 / 518 2
AN BT A BB R R B X, IR T EAR
Solution / fi#i%
dm € ZVn € Z(m > n).
KRB HFEXFR m, Bn=m+1, MEFm>m+1, FE.
Key point / 38k x5
Vnim(m >n) and ImVn(m >n)
BRI BIE I m ATEE n UL J5EZRE A m F KT A 4.
Nested negation / k2 B iAHUR
BRE
Yz Iy Vz Pz, y, 2),
BRI RO E HEE T -
3z Vy3z—P(z,y, 2).

Use / B4 A1

S 2t AR AN B L S SR, MU R e e 24 VRN 3 T, BRI A

1.4 #EFHEIN / Rules of Inference

Core rules / 1% CoHERRH ]

(13)

(14)

(15)



e Modus ponens / 5 EFHijf}: from p and p — ¢, infer q.

e Modus tollens / 75 & Jgf4: from —q and p — ¢, infer —p.

e Hypothetical syllogism / {5 = B¢it: from p — gand ¢ — 7, infer p — r.
¢ Disjunctive syllogism / #TH = Btig: from p V ¢ and —p, infer q.

e Resolution / JH%%: fromp V gand —p V r,inferq VV .

o Universal instantiation / ©#} 5L fil{k: from Vz P(z), infer P(c).

e Existential instantiation / 7£7E 82 fil{k:: from 3z P(x), choose a new witness ¢ with P(c).

e Universal generalization / @FR#fE)": if P(c) is proved for arbitrary c, infer Vz P(x).

e Existential generalization / fE¥E#E): from P(c), infer 3z P(x).

Proof / il

BF SRR AR T iy AR SR B R 1735 SGIERH o 911201 modus tollens K H ¥ 54%h: p — ¢ = —~¢ — —po

Use / B4 H

FEFERGEH T, 5 ER A A 74 . In English proof writing, these rules justify why a conclusion follows from earlier lines.

1.5 $iIFBH /5% / Proof Methods

1.5.1 H¥EIEHH / Direct Proof

Pattern / i1

W p — ¢, Bk p WE, BHEX. CHEHMAREE AL ¢
Example theorem / 73 {5 & Bl

LB b TR

Proof / iE#]

A on R MIAFTEREEL kA n =2k TR

n? = (2k)% = 4k* = 2(2k%).

Bk 2k% RHEAL, L n® RABAL.
Use/B4H
L G ISR A S R, BIERR. EAEE. MBI
1.5.2 i % 3E R / Proof by Contrapositive
Theorem / 5EF
pP—q=—q—p.
Proof / ik
W ATE p BH. g BRI, IR .

Use / B4 H

(16)

(17)

MEEE o IR B, fH —q REIRIE —p WA . JARUE: JERACUIR n® AR W) n RAEECT. WU n AL W n® RA

5.
1.5.3 JziiF: / Proof by Contradiction

Pattern / #5HR



BOEMG p, BB —p, HEHTE Fo
- F = p (18)
Example theorem / 7R {5 5E B
V2 BTCHAL
Proof / il W]

% V2=a/b, Hpa, b HEHDb#0. W a =202 FLla 8, H#ifiall. & a=2c, 154c> =202, FLLb2 =2c2, M b
e X5 a,b BEFPIF.

Use / B2

WHTHMEME. TR At BLIEA T REE.
1.5.4 4325158 / Proof by Cases

Pattern / 1R

Fp1 VeV Vo, BETAN, FHGREIEHEE ¢, M g Bar.
k
(p1 V=V pi) A /\pz—>q = ¢ (19)

Use / B4 H

WY AE. R REANE. BRI ER. B .

Wik JEB 7 k4% % / Choosing a Proof Method

Direct proof / HAZIEW&E & 14

Y BLAE BRI IT E U I B HAEW . BIALE o |b S a|cHitl a| (b+c), HIEET b=ak. c=al B[,
Contrapositive / ¥ 75& &1 4

MR RGERR, SURARE AT S, . § G n® e, W o B, SR n AFEL W n® AE
.

Contradiction / RiEi& &1 4

BEGIEI AR TR 2 TR AT, SO E R SOIER S BRI 75 5 il 5 15 1

Induction / HEATH4

S A RS n, FEH n+ LEFOLRE M n SO/ DLIE o SRAIASK, s WIS SRk IERIEREE H 4.
Cases / PR RIEETF4

XMERIRG ARG : Al B RENE. EPRTER. SAR—RE R,

How to write elegantly / J& Sl W% Ay X,

e Letz be arbitrary. / {EH z o

e Suppose, for contradiction, that .../ JZiX...... o

e By the induction hypothesis, .../ f1JAZ4{E . ..... o

e Hence the two sets are equal by double inclusion. / F{¥ A €12, BIMESTHZ
e This contradicts ..., so the assumption was false. / x5...... FIE, BB SR



2. 854 KB P SR, FEPE / Sets, Functions, Sequences, Sums, Matrices
2.1 431 / Set Basics
Definition / & %
HEERMRTITRE. cc ARR 2 )BT A ACBERMERz € A#H © € B,
Theorem / 45 & H1 35IE W J 0
A=B < (ACB)A(BCA). (20)
Proof / ik}
4 A=DB, TRESME, UEMEE. idk, BEMES, WERTEBT A 4AMYET B, FILESHSE.
Use/ B2
HEASE GRS I RAG AR BUE R TR o7 KiftHr e A=z € B, Hifflz e B=>r€ A,
Rib: LR SE AR / Proving Set Equality
By BTz, iz c A= 2 e B, Willzee B2 c A, AL A = B,
22 4B EEZE S, / Set Identities
Theorem / 5EF

BB BHGEMIZH——X B N XA, UXRE v, AMEXTRL —o

14L_JQ:147 140(]:147
AUU=U, ANg =g,
AUA=A, ANA=A,
(A9 = 4,
AUB=BUA, ANB=BNA,
AU(BNC)=(AUB)N(AUCQ), (21)
AN(BUC)=(ANB)U(ANOQO),
(ANB)° = A°U B¢,
(AUB)° = A°N B,
AU(ANB) = A, AN(AUB) =4,
A—B=ANB"
A®B=(A—B)U(B—A).
Proof / #IEW]
MTCRE. LAEEEAR A A :
re€(ANB) <z ¢ ANB
< —(zr€ ANz € B) (22)

—zx¢ AVz ¢ B
— x e A°UB°.

Use/ B2

e RS SR IR 1 JCRIET ™, ARBOEE Y. b I SR H ZRIEN] . B UE e # .
PRALJRIT: BEEIEN] . JCRIESEHES 1 / Set Proofs by Element Chasing

Example / {555

JIERA



AN(BUC)=(ANB)U(ANC). (23)
Proof / #E#H
SRR EADL. BWERr € AN(BUC), HZHEEX, r€ AHz€ BUC, MIfEEYN, € Bz €,
FrxeB, MzeANB, fillz e (ANB)U(ANC)., HFzeC, Mze ANC, Wfze(ANB)UANC). HIit:
AN(BUC)C (ANB)U(ANCQ). (24)

FHEABESED. BiEEz € (ANB)UANC), Mz e ANBH ze ANC. HF—MfFilsic € AHx e B HMHiAH =
€AHzeC. TLILWMHEI, HAze AHzeBUC, fille e AN(BUC). Hitt:

(ANB)U(ANC)C AN (BUC). (25)
P EAREL S, WS
How to use / ‘B2
HEAEFERIEPAERG R B HEKTE: W, BFEEX. 4EE, BEIMAEE.
WY SR RECAZ AR AELI RS Y. / Sets as Logic
Correspondence / %13 5

FAEEAAR T EREEES K. XHERTR o

r€ ANB<«< (x € A) A (z € B), (26)
z€AUB<< (r € A)V (z € B), (27)
rz e A= —(zxeA). (28)
PR LA A 22 A2 A R RE B A 5 25
Example / il381: EWI5E SRS EEH AR
(AUB)° = A°n B". (29)

BUER =

z€(AUB) <z ¢ AUB
< -(reAVzeEDB)

= (z¢ A)A(z ¢ B) (30)
—zeANB.
R A TR TR, .
How to use / &4 M
WA H ZRIEE A EE X, SRS M REE. 517X E L #HE M.
WP . HRRBUR R 13 / Power Sets and Binary Choices
Theorem / FH: K/h
Al =n, N
|P(4)] = 2" (32)

Detailed proof / £ 43I B



WA= {a1,a2, ,an}s — AT S CAMIE TR . SR @, BN STECARTIN S7. BATTE 2 Phikir, HkE
i AN PSS e sE

2.2..2=2" (33)

WA TR E] DM RET n (Y 0-1H: Hi N1 FRai €S, AHOFRa; € So ZRAVU, FrUl7HELEET 0-1
%, Bp2n,

How to use / 284
BRI THE“EBREES T UOEENn R WET A", \EmE 2" NURERIES T4, M 2" -1,

2.3 FH 5 %% )% / Cardinality and Inclusion-Exclusion

Basic formulas / FEAs 2 3,
|P(A)] =214,
|A X B‘ = |A| ‘3‘7 (34)
|AUB| = |A|+|B|—|AN B,
|A—B|=|A|—|ANB.
Theorem / —HE A AR
[AUBUC|=|A|+|B|+|C|—|ANnB|—|[ANC|—|BNnC|+|ANBNC|. (35)
Theorem / — %8 ¥ JR
U4l =D 1Al =D 1Ain Al + D JAinAj N Ag| — -+ (1) A N N Ay, (36)
i=1 i i<j i<j<k

Proof / 1F B

FIBHATCH o WHRT r MEG . AL ERH TR -

(1)~ () + () () = (37)

BRMO0=(1-1)" =i oD (;) B8, # o FWTAEMES, TRy 0o LU IEGE 1 TR BB K.
Use/ B2
T BT D AR BT R I SRR TR S, SRR A U, BHAR.
Pitfall / By 5t
SHARFRIE TN [ANBNC|, WA= BEAERE RN RS T .
BT BF: B D— N2 W HIREM / Inclusion-Exclusion in Detail
Example / [5il3
K 12100 FAERE 2. 3 3K 5 MEBRIKEBAAL .
Solution / fi#ik
P
Ay={n:2|n}, As={n:3|n}, A;={n:5|n} (38)

SRS



100 100 100
Ao = [ 200 Z50, jay = |22 233, 4y = [ 222 = 20
Ao = | 57 | =50, |4 = | 57| =38 1asl = | 5| =20
T T 58 5 28 Nl IR /NS A B e
100 100 100
|4y Ay| = {TJ —16, |Ayn Ay = L—OJ —10, |A3n A4y = [1_5J — 6.
SERE:
100
14501 Ay 1 As| = {WJ —3.
Fir L
Ay U A3 U As| =50 + 33+ 20— 16— 10 — 6+ 3 = 7d.
How to use / &2

“RERCE TAL — BB R B —AFMET, HERAR . RRESHERT— AR A ANME BRI RN
Common mistake / % WA %
PP SEAS AP THECSR , T2 ) I 2 P BEBR R A B /N AR EL
2.4 pK%% / Functions
Definition / &
BREL [ A— BoGED a € AfREME /Y fa) € Bo AU, BRI, f(A) Z{EK.
Key notions / 1% 0
injective <= f(a;) = f(as) = a1 = as,
surjective <= Vb € B3a € A f(a) = b,
bijective <= injective and surjective.
Theorem / £ FREE & L AIRE SRR A
A AR BARHA |Al = (B[, W f: A— BHS5YHCYH5T

Proof / iEBY

(39)

(40)

(41)

(42)

(43)

# FHEE, W ARRFEICEARFER. FiLl [f(A)| = Al = |Bl, Wik f(A) =B, it S FER: ZSHEARR0E, PR

TERMEBIE —x, ERKNES (Al -1, TE#EE B

Use / B2

A FREA FIERDUR I, FURRIE B B B S — o O R R DU T SO0 G A O B
BB - IEBH PR BB / Proving Injectivity

Bk % fla) = f(b). BEREALFHES o = b,

Ft : IER BRI / Proving Surjectivity

Bk BUER y BT R f(z) = y L = Bk = 768 LN

PRACJRTT: BRAC: B WS XURAY 588 IER] / Functions in Detail

Example 1/ i B $5¢

L fiZ —Z, f(n)=3n+2. iR fEHH5,



Proof / ik
B fla) = f(b)o W:
3a+2=3b+2. (44)
WA 2 £ 3a = 3b, FERUL 3 FFa=bo UL f 2.
Example 2 / J Wi 5
B —ANREL f:Z— Z, f(n) = 3n +2 SRS
Proof / ik B

Foy AR, WA nffiy=3n+2, FiLly=2 (mod 3), fHO0EZ HO0#2 (mod 3), BHE nffidn+2=0, FLLRE
Wisft

How to use / ‘B2 M

HERTI ST I MMER v AR y = f(2): IERIASR ISR HR AN e R R
2.5 [ hi% 544 / Inverses and Composition

Theorem / JR B BAFIE A

B fr A— BAHRERE f' B~ AMHMY fRUT

Proof / it W]

FRRBAEAE, W f(f(a) = o BRAESS, F(F1(0) = b PRIEWST. Sdode, & f X0, A be BAME—H a2 f(a) =b, W/
EX D) =

Use / B4
BRI, ST y = f(o) o XTF y WRIAR, B E SR
2.6 Mt 5 K AEM K%K / Floor and Ceiling
Formulas / 23X
lz] <z < |z]+1,

[z] -1 <z <[z,

f | =—[-=], (45)
+n]=lz]+n (neZ),

L J = number of positive multiples of d not exceeding n.

Proof / ilE W]

Mo B R A E SO AN, @ B R, RIS — NS B HOR B e Ko RAEH R BT ph M R BOer P 21
Use / B2

BRI SR REL A EIRZEGE A [logy n] 5 [logyn].

2.7 Al H 5 AR[ %L / Countability

Definition / &

A ATTHL, 18 A BIREATENET A < N. Countable means finite or countably infinite.

Theorem / & H!



Z, Q, Nx N are countable. (46)
Proof / iIF W]

Zw#0,1,-1,2, =2, M. Nx NHEAL i+ =k Qu5fa/b, Hrfia€Z, be NT, ERAFIWHES Z = N*
o BT

Theorem / Cantor *J ffj 2& & FiL
R Rw[ %, HEXE (0,1) AA[4L.
Proof / il

B8 (0,1) HSLBBET AL 71, 72, o B HBERIRIT . MEHTEL o B2 ¢ G T ro 955 4 60, FFBERMEA 9 5 0 I o ) = H&EA
ri BOTELE i SAR L BTLIRESI RS, ).

Theorem / fREGEBATHL, ABEBCA T %

AR ARBZ AT, SN EZLDEMAR, FrUREE TS BT S BOR AL, B RRE TR REBUR AT, Rt
AL

Use / B4 H

TEBAVIE: B0 %) NGRS, SUERATEOR. IERIARTIEC: A 2k s 1 AR TSR A T B
%% : Cantor 5 Schroder-Bernstein £ / Cantor and Schréder-Bernstein

Cantor theorem / Cantor 2

MEBHES A, AN A P(A) TS Bk

A <[P(A)]. (47)
Proof / ik B
SCBAFAENSS [ A— P(A). MEHRA:
B={acA:a¢ f(a)}. (48)

B [, fifEbe AfE f(b) = B. BUEMbe BRGML. #be B, HBMEXRbOE f(b)=B, FF. #b¢ B, 1 BHE
MFtbE f(b) =B, WFfE. FIHH AL,

Use/ B&H
RARAEI AT BRI SA T R o SR T Lhadiad P(N) 5 ki) 7 5 I 2 R B A
Schrider-Bernstein theorem / Schrider-Bernstein % Fil
EAERRSS f: A— BRSS9 B— A, WATEXST h: A— B, Jiibk:
|A| = |BJ. (49)
Proof idea / il B &8

SERIERIEE A TR A g EEST 2, WETERSeEE DR f, 7E5—Sbkk LA o' DHEXU . s PEEERERSHE: B
MEBATATEBRAE G2 55, T DL B 3 A7 16 6 B o

Rk AT = FIEBH 77 =, / Three Ways to Prove Countability
Method 1: Explicit list / BLiZ51] %

A REEICREART I ao, a1, ag, ... FFREBANITCRBLMIL, MIEW T 74



Method 2: Encoding / a5 3] 5 SR %L
RS G i 0K A PR AT R B B AR BT A A RR b R TR R KO0 KE L. KEF 2, BEAR, Frlladtni.
Method 3: Countable union / 7] %{J{

SRAAS A WTEL,

WA E o TE TS VRN e A A2
Detailed proof that Q is countable / PR R Hi%:405E B

BN EABEATG R p/a. Hhp,q € NTo A pair (p, q) B TIREM . Hp+q=2,3,4, .. (X ALHZE, SHENARAR. &
B SRR  BO T LABIL o AR IEAT BRSO & H B P74 O AN B4, #3142 Q T4

ittt 4 B E / Why R is different
X FERIE A Y FTF R T M e, R R R RS IR A LRSS o XA BRI O

2.8 4 53Kk F1 / Sequences and Summations

Common sums / % JHZRF12A 3
U ~n(n+1)
=1 " 2 7
“~ 5, nn+1)(2n+1)
LT
S n(n+1)\2
=1 "o 2 ’
n . rn+1 —1 (51)
Y=l g,
=0
Zri =17 (Il < 1),
=0
g,
=1 v
Integral bounds / B4 kit
o f g BAE L, )
n+1 n n
[ @<y g0 < s+ [ e, (52)
i1
R M-
In(n+1) < H,<1+Inn. (53)
Proof / i1

WA EAIEE . XA, ARSI BN e i 2 N T A
Use / B4 H
G ERESHIM 1+ 1/24+ -+ 1/n, W EIE A O(logn).

Wik SRFIL AR I / Where Summation Formulas Come From



Arithmetic sum / 223K fil

ERIEER S~ BE S — ik

P, FslEEn+ 1,

Geometric sum / % HeaRAn
PErtl, &

Pzl

AH:

B LA

Telescoping / ¥im Bkl

S=142+-+(n—1)+n,
S=n+nm—-1)+-+2+1

A n3l:

25 =n(n+1), S = 5

S=1+r+r4-+r"

rS =142 4t

S—rS=1—r"

1— Tn+l T,n-%—l -1

1—r  r—1

FAT LUG K by — bigr, DU HP RIS KT -

How to use / &4 Hi

BEHABSAEE . A telescoping, B E[EELLH], 4R geometrico FEZINARAL, SeAR A2 S H FGIEN o

n

D (b —big1) = b1 — buya.

i=1

2.9 464 540 /R 46 % / Matrices and Boolean Matrices

Matrix multiplication / JHf43€:

HARm xn i, BiEn xpfE, W C = ABWILEN:

Boolean product / 7ji /R

R AR P AT R AR

Use / B2

n
Cij = E @ikbg;.
=1

Cij = \/(alk A bkj)

k=1

n(n+1) .

(54)

(55)

(61)

(62)

(63)



FF REFERE Mg it : M3 A R R K B 2 MIBAR S R AFAE . A5 86 A 4 7] f A /R FE P4 B Warshall $5353K
3. Bk 5Ky / Algorithms and Growth

3.1 i it / Algorithm Properties

Definition / & %

FERAW W THUTRSERT . EE RN . BREE. AR ARk

Use/ B2

S AT SRR 5y )2 SEIERIIERAYVE, FEO T A 242 . Correctness and complexity are separate claims.
3.2 WiEfF5 / Asymptotic Notation

Definitions / %€ ¥

(g(n;) > 3C > 0,3n0,Vn > no, 0< f(n) < Cg(n),

)<C
) < 3C > 0,3ng, Vn > ngy, 0 < Cg(n) < f(n),
(9(n)) <= f(n) = O(g(n)) A f(n) = Q(g(n)),
)

Theorem / 15 B

#g(n) >0 H

iy

e 0 < L < oo implies f(n

) = O(g(n)).
e L =0implies f(n) = o(g(n)).
o L = oo implies f(n) = w(g(n)).

Proof / ilE
HIBRE Lo & LAREARRE. WY n BRI, f(n)/g(n) BHAERTIAE.
Use/ 820
FLBSE AR BN 8 AR R o IERA Big-O WhubZ5i4s Hh B 4L C 5B {E noo
PR JEIF . WL HECRIE{EE 4 / Big-O Proofs with Constants
Example / {533
HERA :
3n% 4+ 5n+ 7= 0(n?). (66)
Proof / iEW]
W >1H, 5n<b5n? H 7<% FFLL:

3n% 4+ 5n+7 < 3n% 4502 + n? = 1502 (67)



B C =15, ng =1, [ Big-O EXA3n%+5n+7=0(n?).
Example / JZ il
IEB n? #+ O(n).

#n?=0(n), WAL Cono ffin? < On XA n > no k. BT n >0, AL nEn < C XA RBKRE n L, XAEE. B
n>CRIFE.

How to use / 284
e JEW O: R EFHFE
o JIFHH Q: T REEL
o JEAH ©: L FREES,
o JEMIAIE O: E, Ffik n @it AT 2 H 4L

3.3 % ISRy / Common Growth Hierarchy

Hierarchy / 2%

1 <loglogn < logn < n° < a™ < nl <n", (68)
Hfre>0, a>1,
AR :

logfn < nf < n° < n°logfn < n°t < o™ (69)
Use / B2 H

HEFP B RR . FIBTIEERMRE . B IIARAL. SRS TR, (LR SR ECEE TE R IR £ i
3.4 WA 4 / Common Algorithm Complexities

Examples / i1

o 2R % / linear search: worst-case O(n).

e /3% / binary search: O(logn) comparisons.
o i NHEF / insertion sort: worst-case O(n?).

o JA3fHEF / merge sort: O(nlogn).

o 552474 / enumerate subsets: O(2").

o 55254E%1] / enumerate permutations: O(n!).
Proof idea / ilE W] 8
TR G YRR, RS TE kK n/28 <1, Bl k> log, n.
Use/ B4
BRGNS BB NEIEAEE] 0" @RV BRI TR 27
Wk BkE B I AMATBHAE R AN / Loops as Sums
Single loop / *APFEE
WERFEFAT n K, BIK O(1), BEIREHR O(n).

Nested loop with triangular range / = fif W%



fln: SNEi=1%n, WEJj=12i. HBRE:

z":i _ n(n+1) P 10)

Logarithmic loop / M EER
FASRGRIR2: 1,2,4,8,..., HEM n, $ITRECHE/NG ki 28 > n, FFLIE ©(logn),
Harmonic loop / P&

MR BRMA /i, BAE:

=3

=nH, = O(nlogn). (71)

How to use / B4 M

SRR AT FIW LRI . S5 HBITIRECRA, FHLTRETERY .
4. %18 5 %15 / Number Theory and Cryptography
4.1 #[% / Divisibility

Definition / %€ X

%ﬁ?‘f%ﬁkﬁb:ak’ Iﬂ\ﬂa%&%b, ia/ﬂ_:‘a‘bo

Theorem / 37 it
albAalc=al|(b+o),
el ™
albAha|c=>a|(mb+nc) (m,ncZ).
Proof / ik B
#b=ak. c=al, N mb+nc=a(mk+nl), FHEPREEE, FFLLal| (mb+ne).
Use/ B2 M
BERRIERL PR ) X 8 E AR B FA TR LURREL
Bt : IERA%ER / Proving Divisibility
ik BEd | n, B S dk, AL € Z.
4.2 B / Division Algorithm
Theorem / & FH
SME R o MIEREL d, fEremE—H40 g, r 1
a=dg+r, 0<r<d (73)

Proof / 1F B

FETH PR : ZRBES S={a—dq|q€Z, a—dg>0}, WE/NTHE ro #7r>d, Wr—dZENEFTE, FE. ME—
P Ha=dg+r=dq +r HO<r, " <d, Wdlg—q')=r"—r. GMGEHENTd, REER0, Fillr=1. ¢=4q-

Use / B4 H



ERBIEH. WIOLRAREE. HHRARMEER. S IR 5 mod IR ERIA X AN S HL
Wik R IZ AR i 28 4 / Division Algorithm Deep Dive
Why quotient and remainder exist / Jft 2 Fifl 57 1E
Xt a BRAE#EE d, ZRTAIERE o — dgo XEEPARME re & r>d, Wr—dABIEREEN, FJE. B0 <r<d,
Why they are unique / Jft & HE—
5
a=dq+r=dq +1, 0<rr <d, (74)
oy
dlg—q')=r"—r. (75)
ZER d IRREL, TIATIATARTE —(d— 1) 3] d — 1 Z ). ME—TTREMY d IURSECRR 0, FibLr =1/, #ifig=q .
Connection to modular arithmetic / fl[F] x5 5
a mod d X NMME—RE. MR a=b (mod d) FIx a FbERLL d KRB
4 3 [ 4% / Modular Arithmetic
Definition / &
a=b (mod m) < m|(a—b). (76)
Theorem / ] i& FHL M)
#a=b (mod m) A c=d (mod m), N:

a+c=b+d (mod m),
a—c=b—d (mod m),

ac=bd (mod m), (77)
a*=b" (mod m) (keN).
Proof / ik B
HESL, m|(a—0b) Hm|(c—d)o Mk MEREMA G IETFE . Ferk:
ac—bd = ac — be + be — bd = c(a — b) + b(c — d), (78)
A5 m B
Use/ B2

PEERBAEN, S EA B TR B NS, FHESE. 0 7' mod 10 AJ AR A .
BiM : JEB[E 4 / Proving Congruence

Hik: BiEa=0b (mod m), L m | (a—b), B a, b HALA I REL

4.4 B RNZICS LB AR5 / GCD and Euclidean Algorithm

Definitions / % %

ged(a, b) AR HEER o F1 b (K IERS . lem(a, b) RE/NEA G

Theorem / BX JL 15 HE



Fra=bg+r, W:

ged(a, b) = ged(b, 7). (79)
Proof / ik
TERAET d RN o F1b 24 HACY B b fla —bg=ro FrLABLAHTHEAME, HAMME.

Formula / 23

ged(a, b) lem(a, b) = |ab). (80)
Proof / 1F WY
FEHEMR. #a=T]pM b=TIp/". m:

ged(a,b) = [T, lem(a,b) = [T p™ . (81)
SEEHIMA @ + Bie
Use / B4 H

R ged AIBRJLR ARG K lem AJ5E3KR ged FAIAS, #E% BIEIAGEL.
4.5 Bezout EF 59" R LB A5 / Bezout and Extended Euclidean Algorithm
Theorem / Bezout identity
SRR 0, b, FETEREAL st fif:

gcd(a, b) = sa + tb. (82)
Proof / #EW]
AROLEAFE AR BN IEERECE ged, MHARECHRFTF MRS AL E . L) ged R o, b WHEHMEA A
Corollary / #fi&

ged(a,b) =1 <> s teZ, satth=1. (83)

Use / B2
RAHIe: # ged(a,m) =1 Hosa+tm =1, Ml sa =1 (mod m), FrLls /& a #m Hc.
PRI 296 WULHEASEEE S Bezout 24X / Buclidean Algorithm in Detail
Example / [5i]35i
R ged(252,198), JF5 A 252 Fl 198 A LLMEA A
Solution / fi#i%:
Fet O LA

952 — 1-198 + 54,

198 = 3 - 54 + 36,

54 =136+ 18,
36 =218 +0.

(84)

e — M AEERBOE 18, FrLL:

ged(252,198) = 18. (85)



AR Bezout #ik:

35— 195 354, )
RN
b 7
W 54 =252 — 198, FLL:
18 = 4(252 —198) — 198 =4 -252 — 5 - 198. (88)
How to use / &2 il
KRB, MRENERA. IEH HE T E Bezouto AR BB G — N IEBRRE— B B
4.6 Z%1 5 ME—4)f# / Primes and Fundamental Theorem of Arithmetic
Definition / &
KT 1S p #IER T 1T RIp, W p &FEL
Euclid's Lemma / )L H455] 8
B REMHDp | ab, Wp|adp]|bd.
Proof / W]
#pta, MW ged(p,a)=1. i Bezout, f5 sp+ta=1. FiATELL b5 spb+tab=0b. T p|spb Hp|tab, Fillp]|be
Theorem / S ARKEA EH
BAKT L HPRAHERRE M — 5 R BRI, 20 B 7 o
n=py'py - pyt (89)

Proof / 1F B

AAEVEFIBRIAGN: 5 n R REL, B HA. B ab H1<a,b<n, HIBMBEESE a,be ME—PERROLEASH: FHidhE
B, MZEMSRA ZERERA MR, DEEEREA A ZE, HILPEME . 4XEHEN.

Use / B4 H

geds lem. BEERFAIMT. BT B3R B #ER. & n=[]p". ERFM:

k
r(n) = H(ai +1). (90)

Fhae: FRECHE 5 FETCYT Ik / Extra Prime Theorems
Infinitely many primes / E8H X5 %41

BEALF LA -

Proof / W]

ﬁﬁﬂﬁﬁgag/ﬁ%éﬁ P1,D2y -+, Pko /7"\:

N =pipy-pp+ 1. (91)



XA pi, #A N =1 (mod pi), FFLLEAEM p; #Ex No HN > LEREF. XMHEFAEI LS, TE.
Trial division theorem / iXFR & #

o REEL Wn AR Ve FEE T

Proof / #EW]

Hin=abH1l1<a<b<n, Ma®><ab=n, filla<n. Bl aW—NFEETFp, Ap<a<yne

Use / B2

HWE n REREY, AT v R

4.7 ¥ o6 5 24 [5] 4% / Modular Inverses and Linear Congruences

Theorem / BB ALK AT

a TEREm FAREDIC, 4 HAY ged(a,m) = 1o

Proof / ik W]

#azr =1 (mod m), WAETE y i ax +my=1, FrLlged(a,m) = 1. itk Bezout, # sa+tm=1, Jlsa =1 (mod m),
Theorem / PRI &

JifE ax =b (mod m) ALY HAY d = ged(a, m) BeBR bo HAM, W m FaE d A F#

Proof / #EHH

ar =b (mod m) HMT az +my = b LA E ax + my AT RE(LIER d BRE%C BRI AEY HAY d | bo BRUL d EHHElS
m/d LRAAL . FHAME M m/d, JETFERE m 45 d M #.

Use / B2
R AR e d = ged(a,m); & d b Hff: HAfE. BRLLd, Roo, RESH A m B

PR JEIT: BT SRR 4y S8 ¥R / Modular Inverses and Linear Congruences

Example 1 / 2RI
KT HERE 26 RHIT.
Solution / fi#i%
FRLRASE:
26=3.7T+5 7=1-5+2 5=2-2+1. (92)
SR
1=5—-2-2
—5-2(7—5)
=3.5-2.7 (93)
=3(26—-3-7)—2-7
=3-26—11-7.
FrEL:
“11-7=1 (mod 26). (94)

Ht 71 = —11=15 (mod 26),



Example 2 / &% PE I 4%
fit -
14z =30 (mod 100). (95)

S d = ged(14,100) = 2. N 2[30, AR PAFIBELIRERLL 2:

7z =15 (mod 50). (96)
77! (mod 50) W H{ 50 =7 -7+ 1 155:
1=50—7-1, (97)
FiLl 7' = —7 =43 (mod 50). F&:
r=15-43=645=45 (mod 50). (98)
BB 100, 47 d =2 /M
z=45 (mod 100), x=95 (mod 100). (99)

How to use / B2
KM R R = 5 ged; FIWOREHERRA: BREL ged JERMIT.
4.8 1 [E 4 4 %€ / Chinese Remainder Theorem
Theorem / CRT
Hom, ., my FEE, WAL
z=a; (mod m;) (i=1,..,k) (100)
FERE M = mymo - my A ME—fFo
Construction / {4 A=

A M; = M/m;, By it Myy; =1 (mod m;). N:
k
=Y a;My; (mod M). (101)
i=1

Proof / 1F B

WS 5. 2% 6 # 5 I M, Bm; BeBR, FRBORIEITE m; H 05 % i = j I Myy; =1 (mod my), BRI m; 5T aj0 Me—tk: 2
BARIA R TEA ma . BRI m, S BT, LM M M.

Use /B2 H
CRT T4 —A KL R B AN IMEE R, S 2 REFATE IR A — A R K.
FE: ) X E R4 EHL / Generalized CRT
Theorem / £
CPFSZE
z=a (mod m), =z=b (mod n) (102)

A HALY -



a=0b (mod ged(m,n)). (103)
%ﬁﬁg 5 mm@?‘f*ﬁ lcm(m, ’ﬂ) TDE—O
Proof / #IE W]

Z o FEHEFR, Wm|(z—a) Hn|(z—0). THr=a (mod d) Hz=>b (mod d), H d=ged(m,n), fflla =b (mod d)
o JLIA) AT BB B L R 48 mt = b —a (mod n), BEAMYHEMY | (b—a).

Use / B4 A1
A3E CRT BoRMBEE P H. 25 |7 X CRT AR A B 28 . e & KB ged B UG HA.

PREREIF: PEE S ER: M / CRT by Construction

Example / 1|8
iRt ) A3 7 R -
z=2 (mod 3),
z=3 (mod 5), (104)
z=2 (mod 7).
Solution / fifk
BB ER, M=3-5-7=105,
M, =35 M,=21, M;=15. (105)
KT
35y1=1 (mod 3)=2y; =1 (mod 3)=y; =2, (106)
2lys =1 (mod 5) = y2 =1 (mod 5), (107)
15y3=1 (mod 7) = yz3=1 (mod 7). (108)
(ARG
£=2-35-24+3-21-1+2-15-1=233=23 (mod 105). (109)
Check / ¥y #
23=2 (mod 3), 23=3 (mod 5), 23=2 (mod 7). (110)
How to use / ‘B2

CRT {1 5i—E EhRJafdr. Wi ARFREER, BT GSRTE MBS T bR, 7EHABEC AR 0.
4.9 3 FkhiE Wilson / Fermat, Euler, and Wilson
Fermat's Little Theorem / 3§t/ g #l
HpRFEHHpta, N:
a®'=1 (mod p). (111)
MR WHEEES o, o” =a (mod p).
Proof / it W]

%t {a,2a,..., (p—1)a} B p J5 {1,2,...,p — 1} By EHE. RARFER:



adp—-1)!'=@p—1)! (mod p). (112)
EA (p—D!EpEFR, 4L, 4.
Euler phi / BXHieé %

#Hon=[lp" W:

<p(n)=nH<171> . (113)

pln
Euler's Theorem / X & #
# ged(a,n) =1, Jj:
a*™ =1 (mod n). (114)

Proof / ik
LR /NERAR : 0 0 5 n ERMFRLETL, o, BEIF—ESHERE. REFELHE.
Wilson's Theorem / Wilson il
I E SN EE

(p—1!=-1 (mod p). (115)
Proof / iEW]

HpRE By TEANERIORAYIC. BR1Mp — 150, TRAS ARG, RPN L BT L (p—1)=-1. K& n &
e EEAHREHRP LA T (n— D! 80z H T RER . ATRER SR 1.

Use/ B4 H
B Th/RRRLH TR Wilson 2 T4 7 B4 sl AL PR Y T 340
PRASJRIT: B SRk BEFEHUE / Reducing Exponents

Example / {555
ECE
7222 (mod 13). (116)
Solution / fi#i:
B 13 RFRAH 13 + 7, S t/NEBZ I -
72=1 (mod 13). (117)
R L 12:
222 = 18- 12 + 6. (118)
B LA
722 = (7B =7 (mod 13). (119)

7?=49=10 (mod 13), 7*=10>=100=9 (mod 13), (120)



=7".77=9.10=90=12 (mod 13).

B
7222 =12 (mod 13).
How to use / /&2 H]

FEBERE R RENRS: SRS RAMNREL: JRECR ERIZ/NG . H A CRT sl

BRYE: BRPLEREA AR ZHE BH / Euler Phi Formula
Theorem / EH}

T

Iy

Proof by inclusion-exclusion / 2¢ R ik B

e(n) TR 1,2, .. n P n BREEE. MRS n B3R, Y HICY BRI REF p BER.

& A 3 1B n Al pi BEEREEL. T

n n
[Ai| = —, |A;N Ayl = )
Di pip;
T —
n
|A; AN Ay | = .
Diy - Di,

5 n BRKBERERAHNEN A; f%CE

How to use / J& 4 Ji

5 p(n) WE RS, RNESRFA/NT n %A M. Bl

(60) = 60 (1—%) (1_é) (1_%> — 16.

4.10 R F R 5P T / Base Representation and Fast Exponentiation

Base expansion / il 7R

XA > 1, ALRRIEREE n W HE—5 A

n:akbk—l—ak,lbk*l+--~+a1b+a0, 0<a; <b, ak:/éO.

Proof / 1F B

S ERBRIER S n=>bgo +ao. FX qo BRELb, HEIRH 0. ME—MoR H ERIEFE P RBE—.

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)



Fast exponentiation / g 7t
#ron B ZHHER R 0 =Y 0,27, M

a"= T o*. (130)

Use / B2
BRI RGP RO, R B E R . EBEN Ologn) kM.
4.11 RSA
Setup / %8

WHERFEH p,q, £n=pq, o(n)=(p—1)(¢—1). & efi2 ged(e, p(n)) =1, K dfii:

ed=1 (mod ¢(n)). (131)
g C = M°¢ (mod n), fi#% M =C? (mod n).
Correctness proof / IEHPEIEH
HHhed=1+kp(n). #& ged(M,n)=1, HIKHER:
(M) = M = M**Re0) = M (mod n). (132)

M50 REF, AR p M g BIE, A CRT 43,

Use/ B2H

RSA MLEH % K d. INB/RE/INE B AR H AR E. O R TR B 8 .

WE: 28, RRHLAN RSA [IEH%E / Fermat-Euler-RSA Chain

Permutation idea / EHEEAH

BT NEBFRCR E B O R R o SR, TWATDL o SHHTA TSR KEHHES .
MEREM, Bekin FHiAS n TREFRLN:

T1, 725 ey T(n)- (133)
KM ged(a,n) =1, FLL:
ar1, ars, ., QT () (134)
B n JFAR R R — A AR R EHE . TR R A
a?Mriry ey = 11y T (mod n). (135)
HTEA r #E n BE, RHEBE n BF, WHULE, 15
a*™ =1 (mod n). (136)
RSA correctness / RSA 1E Btk 5 i A
AIHREL e FRLDITREL d W2 -
ed =1+ kp(n). (137)

R



Cl= (M) = M = M FRe(n) (138)

I ged(M,n) =1, HBCHLER:

M)

1. (139)
Jt LA
MUHRe() = pf. (140)

M En=pg AEFE, WAHEp. #qitit. Hp| M, WPABp #%0; & pt M, FHtS/NER. X g FE. fF)5H CRT £
B pq THE o

412 P EE JRAR. EEOEEL / Pseudoprimes, Primitive Roots, Discrete Logs
Definitions / 5& ¥
HARBE n R a" =1 (mod n), WFRn fELL a AR Fermat £ 24,
# g AL p WIT A IR B RIRZE, W g M p (FJFAR :
{¢"d% ., g '} ={1,2,...,p—1} (mod p). (141)
O UL E 9 hp, R o fli
g"=h (mod p). (142)
Use/ B2
DR B A AR 78 40 o JEARFI B HOW AL Diffie-Hellman 25 85 A b8 40 24 S5 Al
5. 13495, #9544 & / Induction, Recursion, and Invariants
5.1 7R ¥ / Well-Ordering Principle
Theorem / &
AR A A BN R.
Proof / iEW]
7E Rosen I MIT 1, RJ7JFHEIEH RSB A —, S 584 A0ES M.
Use/ B2
M EGER AR, BB RIS BRG], RS NG S EOT JE .
5.2 221390 / Mathematical Induction
Theorem / &
AT P(n) W -
P(ng) and Vk>ng(P(k)— P(k+1)), (143)
WIXFFTAT 7> no, P(n) 37
Proof / #E#H

HHRTER), BIEAAHRANTE me T Plno) oz, m > noo gi/E Pim —1) Bz, #lRgp g P(m), P&,



Use / B4 A

JAANIE A4S« base case, induction hypothesis, induction step. 5 FH FRFIAR. #Er. b, EP@E. HRER.

Example / 7135
HERA :
an i= "(”; Dl (144)
FERD n =1 . REX n =k Ban, M
S BEED Ly w (145)
i=1
PREEIF: Agh:: 5584 induction step / Writing Induction Clearly
Example / 1|5
HEWRT n ANSEFERI R n?:
143454+ (2n—1) =n’ (146)
Proof / iEWA
4 P(n) /R B
Base case: 2 n =1, £l 1, Hiak12=1, 7.
Induction hypothesis: {3 P(k) fxr. HJi:
1+3+-+(2k—1) =K% (147)
Induction step: ZHiE P(k + 1):
1434+ (2k—1)+ (2(k+1) —1). (148)
HAGNR B, HiT & ITRIR K2, BTLL:
143+ +(2k—1)+(2k+1) =k +2k+1 (149)

= (k+1)%
JILL P(k+1) oz, ACEIRga:, X n > 1 L.
How to use / &4
VA2 PR b L BT B B T AR . AN AR
5.3 s JA4g4% / Strong Induction
Theorem / SEP
# P(ng), ..., P(ny) J®or, FEEMEA k> ny, M P(ng), ..., P(E) il P(k+ 1), WA n > no L.
Proof / ilE W]
SRINZA L B IANE . 4 Q(n) FIR P(no), ..., P(n) #SL, X Q(n) i@ )44
Use / B2

M Pk + 1) R A ENMEIUITE GO P(k) B HERIAA0. 08 REE R BIA5E. BMEZE. EhsEs k.



PRAEJRTIT: SRIAGN: At 4T DB S 5 /ME L / Strong Induction
Example / {533
HERAAEAN KT 1 RS o) LS B R A
Proof / iEW]
X > 2 R4
Base case: n = 2, EAHRFL. FrLLE R,
Induction hypothesis: BTG #E m, # 2 <m <k, ] m 7 U5 #2400
Induction step: B k + 1. MR &+ 12FE, WEEMR. MR E+ 1245, WFEe b ifiE:
k+1=ab, 2<a<k,  2<b<k (150)
HURISAN R, o 1 b 0T LS R EORA. BHIL ab = k + 1 0] UG R
How to use / B4
LYFIXT R AP HEAENS RIS, SRS B E R FHE R BB WA RIS .

5.4 8 HE X 53k A% / Recursive Definitions and Algorithms

Examples / il 1
Wy e :
0l'=1, nl=nn—-1)"! (n>1). (151)
Fibonacci 4{ :
Fo=0, Fi=1, F,=F, 1 +F, 5 (n>2). (152)

Correctness proof / IE#PEiE W]

B VA IE A S PR U IE I - SRt N ELHE A s 33 DT8P X BB/ IN N TE A s B9 E D RS TE 1

Use/ B4

Serfihid A Sk AU F#RLATLERAS F AR40% B T . Then prove correctness by induction on that measure.
5.5 ZE#31344 / Structural Induction

Theorem / & #!

]

A B JEL S SCHRN R BRI RAAA RN A Bl SRR BT P XA GOsar . HFRAIER -

L. P XA R BT o
2. & P OGAA T U R N RS DDA 3 Y PRI X R 8T

Proof / ik

Xof G A BGUR B AR AR BGUR BE A A 4 B T o
Use/ B2 M

AT B FBR dIAE WES. fiRAR.

5.6 A~A5 & / Invariants



Definition / 7 %
AR B TEAR TS AR A B T IR AR R ST PR T
Invariant proof / 75 25 ik FIEHR
initial state satisfies I A (I Aonestep) == I = I holds forever. (153)
Proof / ik B}
GG . WIIGH A base case; BUCIRAFE IR R T /& induction step.
Use/ B4 H
MIT F BRPARSHURI AL B TRFIESME. B, Jok. EAEE. JRRUL.

6. 7144 / Counting

6.1 FEA%5 7 / Basic Counting Principles
Sum rule / N5 W
AORPET S A ESMEI A, Ag, W

[Ay U UAg| = |Ar] + - + | Akl (154)
Product rule / e 5 M
ARk, B g PR, HAEBRECA IR T RSN, WOk

ning . (155)

Division rule / Bi% 5
FRA B R BT R d R WS8R

number of counted representations
7 .

(156)
Use/ B2

SEHIWE LR EF s BRAME, AEFAEF. oMk Mo Iy A 2@ s 2 L EE H 4.

PRI T BRI S A&f 4" / Counting Starts from Objects

Counting decision tree / T4t 5k

L RETEHUFH? BIPER, R EHE .

CIESSR G HIF AR, A4S .
TAVFESE? AVFEEEHERER 0.
BAZEILSAE DRI AR
RGP L R BRI .

o

%[m Bn fon gD AT
|

2
3
4.
5
Example / f5l55: MISSISSIPPI HEH %t
MISSISSIPPI 47 11 /> 8F, Hor:

M:1, I:4, S:4, P:2. (157)

ATV



11! .
11414121 (158)
Why / 4

WARAEET A PR R AR . A 11 RS (R 4 AN T HABUE TR, 440 S TSR FAFR, 24 P I SO 7AF
B, BrLAEERRLL 414121

6.2 HE¥4H & / Permutations and Combinations

Formulas / 23%
P(n,r)=n(n—1)—(n—r+1) = - i!r)! 7
n n!
(r) e (159)
n n
(7"> B (n—r)'
Proof / iIEH]

P(n,r) kAREFEM: H—ANLEn f, oA n— LR, REEHE. HEEORHIVEER DL r AN ICRA TR o AT
Use / B4

HMWFE HHES P(n,r)s FoMF A (’Tl) o JERE NFRHEEERLIA, A FHET 2

Wik HEAH A AR AL 405 / Permutations and Combinations Deep Dive

Permutation / HE5 24 2

I n AR R AL A 5B 1AA n b, 2008 n— 15 HESEr i n—r+ 150 B

P(n,r)y=nn—1)-(n—r+1)= (ni!r)!' (160)
Combination / 41 &A%
TP r A GR BA r T THEN LIHESI ! AN P& BTLL:
n P(n,r) n!
(r) - r! - ri(n—r)!’ (161)

Why (1) = (,",) / MFREEED]
PR T A TERSMTRIEAHE A n —r ATE. WSS > A— S BN, BILARA .
How to use / B4 M
IR HORI B A 0355, JHHES: IR R —AMES . MALA. Wk, mwg (1)l
6.3 T 2206455, / Binomial Identities
Theorem / Pascal fA%5 5
() =)+ () 16
Proof / 4l &iF W]
MnATRFEr A BE- MR e HAE e, () R Bk e, ERAHK 1R r— 14, F (1)) Fh

Other identities / H-fli{E %



)
)
Sor(r) = a6
)
)

r=0
S ()=(7)
£~ \r C\r+1)’
(0= ()
E)\r—k) r )

Proof / 1E B8

Bk WATTRIERALE, 32" ANTHE, WAHETERNSR BIFORA (11" BEFECM n APk —AMBURHE T
W7 S MEFRENG . AREEK, FRBE R AR AN BT E 25 R Vandermonde {845 2 # 0T 73 JS i BUIE
Uip

Use / B4 H

20 A1 2 R e 4R R — X S BRI TE . I algebra is requested, use binomial theorem.
Wit . 2H-AIERH / Combinatorial Proof

Bk W ZEDIA DS RE —AMEE . HRS R RE .

ik Vandermonde fH%5: 31 Hockey-Stick / More Binomial Identities

Vandermonde identity / Vandermonde {573

(D)= (61

=0
Combinatorial proof / 41 & kW

Wom+n ANk r Ko NG, F—Hm N, B n Ko SMFE—HiE kN, WAL r —k No XA RTRER k
KA, BRI L. BN m A n Nk r NEEIHA.

M ARERFFE 3K / Hockey-stick identity
(kB  m+1
> ()= () (169

Combinatorial proof / 41 & kW

WA {0,1,2, 0, n} A + 1AL HRKIER k43K BIATER b, MER r ABAM 0,1,k — 1k, # (5) Fo %tk
= B n RRBRIZD . B + 1 ARSI .

How to use / &2
AEEBHA Y (7) (")) H5) Vandermonde. FFiESAM (1) + ("1') + -, %] hockey-stick.
6.4 TN E P 542 155 2B / Binomial and Multinomial Theorems

Binomial theorem / —.Jji & £ Bl
(z+y)" = (n) "yt (166)

Proof / 1F B



JBIF (4 )" i, AE TR @ y. BAE oty HEM 0 AETRE R ATy, BRSO (7).

Multinomial theorem / 23 3, 5 #

n! LI,
(1171 +$2+...+xm)n _ o xil. (167)
k1+~;m:n kilkol - kyp! 11:[1

Use / B2 11
KA AP RE: BHABRMEEI r =1Ly =182 =1,y=—1,
Wik 2 E A 22 / Multinomial Coefficients

Theorem / 213 &P

(#1 +xo+ - +x,)" = Z lelz;mmfﬁ”. (168)
bt Th=n kilka! - kp,!

Why coefficient is multinomial / RE M 24X H

JBIFISAT n AT o BARE] ot aby . WIHE by MESRIE o1, TE Ry ME BRI 2o, KILISHE. BEEOIEEON:

) 60) = wmr (169
(kl) ko km)  kilkg! k!
How to use / &2
K (z+y+2)"0 a2y 0 R, HEA:
s (170)
213151

6.5 7Y 8 A # / Pigeonhole Principle

Theorem / FE7< 35 5L J5 Bl

A n+ IDMWRA n A EF, WED—NEFEAELHARZR
Generalized theorem / " S 55

FI N AWRBN EANET, MEL—ARGETEAEED:
N
[7] (171)

MWSE

Proof / ik W]

HENETREH [N/E] - 1AMR, WEBRS R E(IN/K] —1) <N, FJ&.

Use / B4

KRB SR GT o I Z DB R ™ AT — R RAE 2D I 582 TR A B R
6.6 S %7 / Stars and Bars

Theorem / i 571 8 K i 5L

TR

1+ o+ -+ =n, z; >0 (172)



AR SRR R A -

(" Jk’le) (173)

Proof / iIEBH
T MNMEEHER 1T, HEe— VIR k. BE n+k— 1ADEE, WHE E— 1 ATRENR.
Positive version / IE BB 7~

Hri>2l, Lyi=2,—120, 13

n—1

(k_1>. (174)
Use / B4 H

WEGHE. HEMARDG. BEREHNERL. AR, BERREE.

PR T BN 2L/ Stars and Bars with Upper Bounds

Example / {8
R SRR AL I -
T4+ +a3 =10, 0<z; <5 (175)
Solution / fi#k
HUH ER. REC:
(10;_3; 1) = (122) = 66. (176)

BAEHEBRIN A A i 260 FH 2126, Hyr=21—-620, N

Y1+ 2+ 23 =4, (177)

(4+2’_1) = (g) =15. (178)

SRR, B LA RSB TTHR 3 - 15 = 45, AR FER 2D 6 AaE, BEOAESHIA 100 FTLUES:
66 — 45 = 21. (179)
How to use / B4 M
A LR ez ER, A FRE B BRI
6.7 HHEE JTLEHES 5% HHES / Repetition and Multisets
Formula / 243,
HLEESPIE 0 ACHE, P RES 0 R, Hoo+ - +np =, REHGIES:

n!
‘ 180

Proof / il

TIAEE TRYENIRG . A n! BiHEI]. FRNIRE n;! M SHAI SR RLFI], AR LIZ B4



Use / B4

FREES TR E S AR B SOR A B AN A
7 T X HEFH A A / Generalized Permutations and Combinations
Sequences with repetition / 7] B & 5%

M nATERPEREAD r AR, AR, HE:

Proof / #lE
BACEEA n PR, S MR, EREEAE T,
Combinations with repetition / W B EH 41 &
Mon Fd Rt r A, RFEE AT, Hih:
(n+:—1) _ (n:z; 1>.
Proof / #lE

BEw A RNRIET B A, N

1+ T2+t Ty =T, z; > 0.

iR, o (70

Circular permutations / [ HE%

n ARG R, BB, AR S
(n—1).

Proof / il

LEHS A n! Fho FAFHIIHE n ANRIEFIFR, B DA HERE—NMUETIHERTT ko FrUEER nl/n = (n — 1)l

Distribution into boxes / JHid 2] & 1

T AARFEEREN n MARE T, RFEE. BEA:

r AFEEREN n MARE T, RFEE, BEA:

(00)
n—1 /)

6.8 454 / Derangements
Theorem / #5HEA
n A6 RIS HEEC N |
 (—DF
D, =n!
k=0 k!

st

(181)

(182)

(183)

(184)

(185)

(186)

(187)



Dp=(n—1)(Dn1+Dyns), Do=1 Di=0. (188)
Proof / 2+ uEH]
& A I A TCRE EARHET RS FEHRECR BT A RAEMRHESIEL:

D, =nl — (’f) (n—1)!+ (;‘) (n—2)l — o4 (—1)" (Z)m. (189)
A E e A
Use / B4 H

“EgA NEREARE] A O A L B R R R R
PRI 45HE 5 2% / Derangements by Inclusion-Exclusion
Example / {5il;8

A ABEMLETE 7, BAEE A Gl TR A2 e

Solution / f#i:
XA Dy:
1 1 1 1
D4=4!<1—ﬂ+§—§+z)- (190)
T
1 1 1 9
Di=24(1-1+—=—~4—)=24.— =9 191
! ( t3 6+24> 21~ ? (191)
Interpretation / ffR:

BHED 24 Ao BB DA NEXTHES] L I = AEA N EXTHES], AR AR
6.9 i g K %5 5 Stirling 2{ / Onto Functions and Stirling Numbers

Formula / i 5} ¥ B8 it
Mon TEEEAE] k TCAEA ST ECR N -
Sen(Bw-a (192)
Proof / ilE W]
BB B & Ay FORREEE § A TR R . A FHERR X SR
Stirling numbers / 5% 3% Stirling %%
S(n, k) FRiE n AMEFRGICRE S Bk AR TohR SR .
S(n,k) = S(n—1,k—1) + kS(n — 1,k). (193)
Proof / ik B
BHnATHR: EHME—H. A Sn—1k—1) Fl MEMACH kRZ—, HkS(n —1,k) Fit
Use/ 820

ST BURSET KIS (n, k), BRSEIEE S k A2 B, FHEEUR S BRIt R



Rk SO 55 — 2% Stirling % / Onto Functions and Stirling Numbers
Onto function formula / &5} 230

Mon TEEEEE] k TTHEA HIR

k

> (-1 <i>(kﬂ) . (194)
Detailed proof / V£4151E B

FIAREEE k" Ao & A SRRl 5 § N C R AR NS WSO A K.

IMRARSE § AMHAIRTEHBATHNE], IR N SUREEIR R b — i ATEH, BRDUA (b — )" A BSC JEHEK § MRS e A
(5) Fbo Hrgess:

#onto = (g) k" — (I;) (k—1)" + (I;) (k—2)" —--. (195)

Connection to Stirling numbers / 5 Stirling £ 3R

S(n, k) B n MR SITRSE EANEETIRTH . EEGX kAN ERSRE EAREE, BA RIS . it

ST EREL = KIS (n, k). (196)
LA
S(n.k) = - ;(71) <i>(lcfz) . (197)
6.10 Ramsey f§i| - / Ramsey Example
Theorem / ¥
R(3,3) = 6. (198)

W, (T8 6 A, BAEZA AR, B2 AR AR,
Proof / 1F B

ABE S ERE Ko T, UHZALRNR, BEFRANR. BETR v, BA 5 &il. mMsEE, 204 3 5FE. 3viE
Bl a,b,c IILHREL. 4 a,b,c ZWALLL, W5 v BRAZMIG: BBALA, Wa,b,c ZHERED, BRE=ME. T5H R3,3)
> 5 ] T AL IR f R WA 1 T B = ATE T Ks o

Use / B4 H
Ramsey ) S 70 SEmE 2 i 8 — A 05, SR SRH 41032 B 6 P 15 5L S B o

6.11 Catalan %% / Catalan Numbers

Definition / %& ¥
Catalan %{h :
1 2n
C":n+1(n>' (199)
EME:

on (2 (2



Common objects counted / % Wi EO 5

Co WHMEBF MR :

n RS I ik I AL 7T 3.

M (0,0) 2] (n,n)s NEIEXI AL y = = BAREAZEL
n + 1A PR = SR T ARE -

™ (n+ 2) BIEH =M E 3 E

Proof idea / J 515 E BB %

M (0,0) 5 (n,n) FFAIEA (%) 4. IBREE— VORGSR MLIE ST, 15 (0,0) 5 (n— 1n + 1) BB ERE LU, IRERFAK

H (2o BRLALFBE A -

()= () = ()
Use/ B&H
BB BRSNS X AL XRITRAR™ SR =M E 5, SR E] Catalan 4.
7. B HHEZR / Discrete Probability
7.1 #2232 ] / Probability Spaces
Definition / %

R 25 ] AR A S ] S FIMEAS R Pr 4, 2 -

Pr(S) =1, Pr(A4) >0, ANB=@ = Pr(AUB) =Pr(A4) + Pr(B).

AT SR RE,

Use/ B4 H
MRS — 5 WA TEREARZS ) o ST RE AT TAL S5 T RERS ASRE BRI 4L
it . HEZ P 4% / Probability Four-Step Method

L. RS S,

2. FIWHREAAF T RE

3. R A

4. FTFEL FERRER . dhsr v sk RS
7.2 #EZFIN] / Probability Rules

Formulas / 23

Pr(A°) =1—-"Pr(A),
Pr(AU B) = Pr(A) + Pr(B) — Pr(AN B),
Pr(A— B) =Pr(A) — Pr(AN B),
Pr(AU B) < Pr(A) + Pr(B).

B J5— 4% & union bound / & Fo

Proof / 1F B

(201)

(202)

(203)

(204)



AU B # AR B IREEARINS . AN BB THIR, FFASE—K. IFERR A MR SRR .
Use/ B4

“Bp—AFER AT AN SO A R RS E AR, LA union bound,

7.3 £/4:4E 2 5 DL / Conditional Probability and Bayes

Definitions / % %

Pr(AN B)

r(B)

—

Pr(A| B) = (Pr(B) > 0).

2’

Pr(ANB) =Pr(A| B)Pr(B) =Pr(B| A) Pr(A).

EMRAK: A B, .., B MEFEARZE RIS,

Bayes /A 3:

PI‘(A ‘ B]) PI'(BJ)
> Pr(A| By) Pr(B;)

Pr(B; | A) =

Proof / il

(205)

(206)

(207)

(208)

FAPRARE L N RIE AR 1 AR E AR AN B; 38R A5 Bayes 1 Pr(B; | A) = Pr(AN B))/ Pr(A) MR AX

(GEIR
Use/ B2
B TR, RURHERE L DX R AR, WU Bayes, AREHS Pr(A | B) fil Pr(B | A) A
UREJRIT: WEER: S5 FMERTN Bayes (588 #4515 / Bayes with a Table
Example / 153
SRR 1% RS B PHIEAR  99% . AR & BIHIER A 5%. 3N IATE ., BURitRE % e
Solution / fi#i%
B D FRER, + LR,
[&5IR
Pr(D) = 0.01, Pr(D° =0.99, Pr(+|D)=0.99, Pr(+|D) =0.05.
Hi Bayes 243\

Pr(+ | D) Pr(D)
Pr(+ | D) Pr(D) + Pr(+ | D¢) Pr(D¢) "

Pr(D|+) =

N

0.99 - 0.01 ~0.0099 1
0.99-0.01+0.05-0.99  0.0594 6’

Pr(D|+) =

How to use / &4 Ji

(209)

(210)

(211)



FMhE / base rate fREEEE . RIAEAG IR ME, H PR, FHE 5T REA R 2B BHM:
ek S phar f14 % Z / Conditional Independence and Total Probability
Partition / X143

F: By, ..., By MBHAZ RS, SRENIWE R HIF AR AR 2] -
BinBj=g (i#j), |JBi=5 (212)

Why total probability holds / 25 Rt 2 57

FAF A YR AR R -

A=(ANB)U-~U(ANB,). (213)
A«
Pr(A) = iPr(AﬂBi) = iPr(A | B,) Pr(By). (214)
= P
Conditional independence / £ Pl 1.
A5 BTEZEE C FAMMAL, $5:
Pr(ANB|C)=Pr(A|C)Px(B| C). (215)

B i R VAR Y A N B o/ L YA £ 1 VA (A N AL B L B G YA

How to use / B4

Bayes BURIF otk — A J053 . BIan-REOp/ R Bk BALES VALES 20185 37 S BREF MR 2R A K.
7.4 JhA7 4 / Independence

Definition / &

Pk AL B ALY HALY:

Pr(AN B) = Pr(A) Pr(B). (216)
# Pr(B) >0, %4rT:
Pr(A| B) = Pr(A). (217)
A AP BT BRAE R R A5 TSR0 R ek 2 5
Pr (ﬂ AZ-) = [ Pr(4)). (218)
iel iel

Proof / iEW]

T HRE B R A AR E R DL Pr(B) 48], AR L ASRE SR A P T .
Use / B2

TSI AT DA ELRIAZ A 0o BRAFFEFAFEARA 0, FL AL I8 5 ASRE R I A7 o

7.5 fEHIAS B B, J7Z / Random Variables, Expectation, Variance

Definitions / %€ X



BIHE LA X R
E[X] = ZzPr(X =uz).
A X AR A B R, A

E[X] =) X(s)Pr(s).

ses
RVEME:
ElaX 4 bY + ¢| = aE[X] + BE[Y] + c.

LEL

Var(X) = E[(X — E[X])?] = E[X?] — E[X]>.
X, Y Phsre

Var(X +Y) = Var(X) + Var(Y).

Proof / iEW]

SRR BORFI > OS], ATEMAL. 7T ZAKBITFTT
E[X? — 2XE[X] + E[X]?] = E[X?] — E[X]*.

Use / B4 A

(219)

(220)

(221)

(222)

(223)

(224)

THEBENUS RN IR R R I A3 A &, WL =1, 00, T2 B[] = Pr(A), B8 X =231, FrLHEZmRm.

PR JEIF: A $E/R7ZZ B / Indicator Variables
Example / {5il;8

BELHES n ANTEH, WA L /DA fixed points / A3 g ?
Solution / fi#k

& I RGN TLRFEE

1, if element ¢ stays in position i,
I; = .
0, otherwise.

MG R
X=IL+L++1I,

XA @, 5 i A TER B AR AL 1/n, FTLL:

1
P 0 2 2 P 1 -
E(X] =Y ElL]=n =1
im1 n
Key point / Fe5 5,

XN TFERMNT o RN ARG BT

(225)

(226)

(227)

(228)



Wik 2. Wy £ 5 psr Pk / Variance, Covariance, Independence
Variance expansion / J5 &

Var(X) = E[X?] — E[X]>.
XA :

Var(X +Y) = Var(X) + Var(Y) + 2 Cov(X,Y),

*

Cov(X,Y) = E[XY] — E[X]E[Y].
# XY fr, WEXY] = E[XJE[Y], F7BLHhi%% 0.
Important warning / E# %
7220 0 A—SEME BT o BT FEAAR 5C B3
How to use / B4 i
IR FENIAS B ARSI, R B SN . BT DUE RN, T AT L.
7.6 % W 4345 / Common Distributions

Bernoulli / A% Rl 51

Pr(X=1)=p, E[X]=p,  Var(X)=p(l-p).

Binomial / T3

% X ~ Bin(n,p), I
Pr(X =k) = (Z)pk(l —p)" 7k, E[X] = np, Var(X)

Geometric / JLf 531

X EE ORI ok

Pr(X = k) = (1-p)'p,  E[X] =,
p
Poisson / {H¥A S T
)\k
Pr(X =k) = e*Aﬁ7 E[X] =),  Var(X)=A\
Use/ B2 H

I8 S BB P s S R FTUAT s Fi A ki ar 254430 1B Poisson.
Wk MRS AR SR I / Where Distribution Formulas Come From

Binomial distribution / 3431

X ~ Bin(n,p) 7 n YOMSAB IS . ik X =k, T kR, A () B SRR AR R

pFa—p)"

J LA

(229)

(230)

(231)

(232)

(233)

(234)

(235)

(236)



Pr(X = k) — (k

n)pk(l —p)" "
WA R R AR & L RS R, WX =L+ + 1, Fibl:
E[X] = np.
77 2 B A Sz AT -
Var(X) = np(1 —p).
Geometric distribution / JL{if 537
HURBINTESR kR, BRE R b — 1 R, 56 & RS
Pr(X=k)=(1-p)" 'p.
WA . % E = E[X] SB—iRmke 10 BRI, R 1 - p, BMEEHSM E K

E=1+(1-p)E.

fif A
B=1
p
7.7 £ 5 | Deviation Bounds
Markov inequality / Markov A% 3
HX>0, n:
E[X
Pr(X >a) < X] .
a
Proof / iEH]

FR X > a WS 25T a Pr(X > a) 2538, FTLLE[X] > aPr(X > a).
Chebyshev inequality / Chebyshev 123

Var(X)
a?

Pr(|X — E[X]| > a) <

Proof / iiEBH

SR FBENLAS R (X — E[X])? i A Markov A% 2.
Chernoff bound / Chernoff 5}

i X JEphsr Bernoulli g2, p = E[X], B A:

el

PI‘(X > (1 + 5)/1) < (m) (5 > 0)

Use/ B4 1
Markov H 553k, ##l; Chebyshev #5577 % ; Chernoff §5 %57 Bernoulli fil, k.
Wik £ RL/E 43k / Choosing Markov, Chebyshev, Chernoff

Markov / Markov %3,

(237)

(238)

(239)

(240)

(241)

(242)

(243)

(244)

(245)



HER X >0, FrLl@E MRk, (B

Pr(X >a) < E[:q : (246)
Chebyshev / Chebyshev %53,
TERGE T %, 1A B A -
Pr(|X — | > ko) < —. (247)

Chernoff / Chernoff 7
1HHE T AL 0-1 FENLAE B2 fil. BT I/ING B
Example / fil-1

X 2 1000 AR IE i kB, ) po = 500, 484k X > 600, X257 Bernoulli fIfYJEHE, Chernoff Lt Chebyshev B4
o

7.8 A H [ali / Birthday Principle
Formula / 23

ke A NAE H AN R B A AR AL A <

1 (1 _ %) ~ e k(k—1)/(2:365) (248)
DTN HAR RN -
1 —rac365 - 364 - (365 — k + 1)365". (249)
Proof / iIEBH

BALHER, 8o+ LA NESRFFRTE < MEH, R A 1 — /365, TRIEH 11—z ~e %,

Use / B4 1

M7 hbiE . FENLAEMRSE. %15 nonce RlffEH FIAL H T

8. mm itk 1S A K%L / Advanced Counting, Recurrences, and Generating Functions

8.1 #h3f ¢ & / Recurrence Relations
Definition / &
B Z A WA T IUE S S0 filan -
an=3an1+2,  ag=1. (250)
Use / B4
fiEAE N W7 IEAURTE . RHETT R AR AR AR JEE R
8.2 — &t ¥ HE / First-Order Linear Recurrences
Theorem / 5E P

£33



an = can_1 +d, (251)

MY e # 1
¢%=&%+di:f. (252)
W oe =1}
an = ag + nd. (253)
Proof / iEBH
BRI
an=c"ag+d(l+c+c®+-+c" ). (254)
T P4 LR A K
Use / B2 H

8 B A TR [ S N e T A . HEEEM . kRN — . &2 RN X P
8.3 B RHGFIR M4t / Linear Homogeneous Recurrences

Theorem / [t A i) i

H
an = C105-1 + C2an 3, (255)

AR R A

> —cir—cy = 0. (256)
AAAFMR r,re, W

a, = arl + pry. (257)
HAEM r, W

an = (a+ Bn)r". (258)

Proof / 1F B

SR a, =", RNBIHERFBIRAET R A RAREVELA & 050 R R SF i B2 o, B MWMERE . BRI 258 A&

SLAF nrte
Use / B4 H

Fibonacci 4 )& F, = Fro1+ Foa, FREAR N :

¢= . 9= . (259)

it -

¢n _ ,lpn
F,=— 260
7 (260)

AL JEIT: BB FRE 5 FE 52 #4544 / Characteristic Equation Example

Example / 158



figp A

ap = 5ay_1 — 6a, 9, ap =2, a;=>5.
Solution / ik
Ba, =", fON:
rt = 5" — 62
B 2
r? = 5r — 6.
RFAETT A -
2 —5r+6=0=(r—2)(r—3).
JIr LA i
a, = a2" 4+ 33"
PRI :

ap=2: a+pf=2
a1 =5: 2a+38=5.

fi#F B=1, a=1, Hit:

an, = 2"+ 3"
How to use / &4
W RBCT RN Bk R E . BRHES T RIR, B, FREMREE

8.4 55 YKk 4 / Nonhomogeneous Recurrences

Method / Ji ik
JEF U Hfe -
ap — C1Ap—1 — = — Cran— = F(n).
bl TR
(h) (p)

an = an ' +ap ,
Ho o BFUMR, o) B— R

Use / B2 A1

# F(n) L0 1886 BRI, FRRERR: BEF KBRS, ZORUUE® & IKH n.

Wk JESTUGHME . R / Nonhomogeneous Recurrences

General form / —JE

ap — C1ap_1 — = — Cray_f = F(n).

SERRSFUCRSY  FER AR

Example / i85

(261)

(262)

(263)

(264)

(265)

(266)

(267)

(268)

(269)

(270)



ay = 20, 1+ 3, ag=1. (271)
FRmmE o)) =24 B
oM = con. (272)

A AR R B8 3, R o) = A RN

A=24+3, (273)
Ll A =—3. @f#:

an = C2" — 3. (274)
Mlag=18C—3=1, ffLLC =4, FHit:

ap=4-2"—3. (275)

Repeated guess issue / HE /& 2 7
HERRHRE X C 2 MBS Ut ZR L no Bl a, = 20,1 + 27, B8 27 BT —HR5 . FeMERLIE An2".
8.5 4rifikiE 5 £ EH / Divide-and-Conquer and Master Theorem
Master theorem / 32 %€ #i
boy
T(n) = oT (%) +f(n), a>1, b>1, (276)

4 d =logy a.

o # f(n) = 0(n*), W T(n) = O(n).
o # f(n)=0(n'log"n), M T(n) = O(n"log""" n).

o # f(n) = Qntte) KR ERHEAFE af(n/b) < cf(n) for some ¢ < 1. 1l T(n) = O(f(n)).
Proof idea / ik B &

BBIARIEE « B o AT, B /0 FEERI A o' f(n/b')o FEBAREARMY . AR A2 I HE IR
Use / B4 H
JeH nlose . AN f(n) th. Merge sort: T(n) = 2T(n/2) +n, P n%e2 =n, FrLl T(n) = ©(nlogn).

PRASRTIT: EEM: =P E 4 HIW / Master Theorem Examples

Example 1/ FHF1EL
T(n) = 2T(n/2) + n. (277)
XHa=2, b=2, Pkl
nlogad = plog — (278)
f(n) =n 5 nlse E/K, FrLl:
T(n) = O(nlogn). (279)

Example 2/ H-F§#5



T(n) = 4T (n/2) + n. (280)

X
nlogt = p?, (281)
fn)=n=0(>"), FrLAHFREg:
T(n) = ©(n?). (282)
Example 3 / 535
T(n) = 2T(n/2) + n’. (283)

KH no8? =n, i f(n) =n® Bk, JHEE EMPESAE. FTLL:
T(n) = ©(n?). (284)
How to use / B4
EEFAEIEE T, S R o5, B f(n) LB MR K.
8.6 A i pKi%Y / Generating Functions
Definition / & %

F3 ao, a1, as, ... B A RRALR

Az) = Z anz”. (285)
n=0
Basic generating functions / 7828 hR i 5%
1 - n
-z Zac '
n=0
1 = n
1—2)? 2 (mr s,
";0 (286)
(1-z)k &\ k-1 '
"\ /n
(14+z)"= ( >mk
o \k

Proof / ik W]
F— S RMWEE L. EETRE LR BER v SEER AR FHE500 N B EERT X I,
Use / 621
AR AR Y BB A T BRI e I TT, (1 + =) i o™ IR R & i B % — g I R n 097780
PR JRIT: ARl BRI ENEE K E T / Generating Functions as Translators
Example / {55
FHAE R ER 75 7
T+ zo+a3=8, x>0, xy€{0,1,2}, x3iseven (287)
AR -

Solution / fi#:



BEAS AR TS BY—AA2 FRRE A F

z1>0:

zo € {0,1,2}:

z3 AIEABEL

RS o MRS T DB RO 2o

2, .3 1
l+z+z"+2°+ - = .
11—z
1+ +2°
1
1+22 42t +a25 4 = ——.
1—2a2
G(z) = ——(1+z+27)
1— —x?

° %h:l'?:o’ D!U$1+flf3:8, '7"3E‘|‘j"70327476789 ﬁ{)*[llo
o Hry=1, Mai+a3=7, T3 40,2,4,6, H 4Fl
® %“1'2:2, mﬂ$1+w3:6~ x3ﬂ‘jq07274765 ﬁ‘lﬁpo

SR
How to use / &4

A PR B BN A AR R RGBT 08 AR e R R VR SR S, BRI H AR R 4L

5+4+4=13.

RiF: A PR R 4fE / Solving Recurrences by Generating Functions

Example / Fibonacci generating function

A

BeLE PR

BBIHEXT n > 2 Bar. B

FH 6 4

AL

Fy=0, Fi=1 F,=F,1+F, .

(288)

(289)

(290)

(291)

(292)

(293)

(294)

(295)

(296)

(297)



A

F(z) —z = zF(z) + 2’ F(z). (298)
il :
x
F = . 2
(0= T——; (209
How to use / B4 M

PE SRR BB A BT R . PR B A(z), FEBHER =" JEoRA, ALFAIE, R A(z).

8.7 XN E >R 5 # /¥ / Double Sums and Changing Order

Formulas / 23
aij = Z ai]‘. (300)
=1 j=1 =1 =1
A DRI DA -
=1 =1 =1 =
Proof / IF B

W ERTEXT [ — 2 AR o R A, FURIF A A R AT DAL EHHE
Use / B4 H

2 N R RS o HEOIE I AT R G B
9. k&% ZEM R &K 1HJF / Relations, Equivalence Relations, and Partial Orders

9.1 % £ 2 5t / Relations and Properties

Definition / & %

M AFIBIXFAE A BT, FE A FIRRRE Ax AT,
Properties / Pk

e Reflexive/ HJ: Va € A, aRa.

o Irreflexive / Jx H)JZ: Va € A, —aRa.

e Symmetric / X #%: aRb = bRa.

e Antisymmetric / X1 F5: (aRb A bRa) = a = b.
o Asymmetric / JEXFR: aRb = —bRa.

o Transitive / f£3#: (aRb A bRe) = aRc.

Use/ B2

FIWETUN , eHE S, PR SONFRAE BRI, T2 ARV TC R Z R RER A o
AR n Ik R HEHE EERAE / n-ary Relations and Databases

Definition / &

n LR FREE KRR A x Ay x - x Ay 75 BARERTLUE K n TRR, 17— ntd.



Selection / % #%
BEPRARAEH AR AEIRIEAT o BRI BTR T 90 fidsk
Projection / $¢ ¥

ARMEREE TH), ZFHAMY . HHREGT, XA Py L RE —h.
Join / &%
BERARAORA R R EE F R PEICRCE A T
Use / B4
Rosen [ n JG% R £ B AR PEREME . 1 8 BRI LR VE R A A R 6 R
9.2 & Z £/~ 5141 / Representations and Closures
Matrix representation / iR %7
KA RWHERE Mp E k-

(MR)ij =1 < a;Ra,;.

Closures / {2

o AMMM: MAFA (a,a),
o XFRHE: FA (a,0), M (ba).
ot MBI A R EILE (0,b).

Warshall algorithm idea / Warshall %
BA SV PIE 1,2, .0 k. BTATRE
w® — &b, (W,(k_l) A W(/_c—l))

Proof / il

i 2] G HA ] PR ARk AT, AR kAT, ol k. 72i — kI k— j B

Use/ B4
ke JefER A MR AT LU A
h7e: RRME A F50iAME / Composition and Powers of Relations
Composition / RREHE A
G REMNAB BHXRAR, SEMABECIHXA, MEERKRER S RELR:

a(S e R)c <= 3b € B(aRb A bSc).
Powers / KRR 5
BH A LSRR RMFESN:

R'=R, R'"'=R"oR.

Path interpretation / }% 12 fffF

FEAE . (a,b) € R 4 HACHAFIEM a B b KN n A LR .

(302)

(303)

(304)

(305)



Transitive closure / £ ] f2
Al = N I A AT
R*=RUR?U--UR". (306)
USRI A AR AL,
R*=I4,URUR*U--UR", (307)
Use/ B4
% RS 25 B R BOZ 8. Warshall SEH0R: 25 80K M 4D o
Wk SRR FEFEFNEIFIA S / Closures by Graphs and Matrices
Reflexive closure / F] )2 {2
SERE B Aol 1o B B R AN TR AN 3F.
Symmetric closure / XF5 i 1
R R M Bk
MvMT, (308)
Vel L A A 45 AT T A L2 181320
Transitive closure / £33 ] f2
R P AL AR TTAYE” . IARRAF A, W (o, b) B . 4 HOCEAFEM o B b BA B
Warshall 5§t :

Wi =wi v (Wit aw i) (309)

&S RV IHT kA SRR, B IR, B JFORETE, A kAN Tk
9.3 ZE{fy % 2 5 X143 / Equivalence Relations and Partitions
Theorem / 5EFH
RE RREHEMAFR, MHAY R AR MR (L.
BAFEM KRR AR BA R WE L —ANFH KR
Equivalence class / Z:f 35
la] = {z € A| 2Ra). (310)
Proof / ik W]

# REFNMRA, MEBANTHETHOREME: WANENIEALE, Bz lanb], EXNFRAEETIEaRD, M [al=[bl. Hit
SMAALHBR A, R i [ SChEGr, BRAR. MR &k

Use / B4 A
MR FAFRRRKE. B EEBS RSN R R AH RSN I )4
PR RIT: RAR: E 2R FASZLIR / Relations, Equivalence, and Posets

Example 1/ ZH% 5



TERERIAE LE X aRb 2 HALY a=b (mod 3). JEMIERLM KR,

Proof / ilE ]

HiZ: a—a=0%3 %, Filla=a (mod 3).

XFR: #Ha=b (mod 3), M 3| (a—b)o FR3|(b—a), FLhb=a (mod 3).

feih: #Fra=b (mod 3) Hb=c (mod 3), M3 |(a—b) H3]|(b—c)o HME3|(a—c), FFla=c (mod 3).

SRR
[0] ={..,~6,-3,0,3,6,...}, (311)
M ={.,-5-21,4,7..} (312)
2] ={.,—4,-1,2,5,8,..}. (313)
Example 2 / fi)J¥

7E{1,2,3,6} LEERRR [« XRMT. BAEK SR BRI

Hasse FIMZ UG 1 7ENGHR. 2 F1 3 7ErpE], 6 fETHAR. 2 5 3 Aaltbi.

How to use / JB2 M

SN S RIS T IRECLLBRE K. BEIE . XK. BB REENXRE: BRAK. R B8R HRT.
9.4 ff@ 7 / Partial Orders

Definition / & %

PR R AR ERIRR, 1EME <.

Examples / il 1

e (P(5),9).
L VARIE
o [F45{RHi5% Z / prerequisite relation.

Important elements / FEEIEH

o maximal element / f K0 : WA AR AT HLETH
e maximum element / fx KJIt: KTET A ILE.

e minimal element / #/NG: B E/ N A ELESTE

e minimum element / fz/NG: PNTFET A TE,

e upperbound / FF: RTETFHEPIFATLE,

e least upper bound / f/N PSR i BRI RS

Use/ B4

BRTE— R ATE; WMRTEA—EME—, WA —ERFKIC. B Hasse BN ZBE IR i, BRI T RE 5.
Wk WF. % B TR H% / Posets, Lattices, Bounds

Comparable / A L&

TEARFEET, WATTE o, b ATHEL, 48 a 208 b < ao fRFAZREE M TR LA

Least upper bound / &/ L7



FH S ER w i EXIH s €S, s Ju. H/NEFRIIA LR RENAAA, 104k lub(S) 5 join.
Greatest lower bound / iz KT 5
TR OHERXNTH s €S, £ < 5. HKTFFILHE glb(S) B meet.
Lattice / #%
AR ERE WA ST REA BN ERRRK TR, MR .
Example / {57
e (P(A), C) H:
lub(B,C) = BUC,  glb(B,C)=BnC. (314)

TEIEBEBOREBR R 7 -

lub(a,b) = lem(a,b),  glb(a,b) = ged(a, b). (315)
9.5 Jr¥MESF / Topological Sorting
Theorem / &
A7 B P B BT A SRR — AN RIESY . i, B4 BR DAG #EHHMET -
Proof / ik
B DAG Z/DH—AMNEER 0 T A B NL—EERTERIR. BOZTRAE RS A, MERE, X4 DAG HY.
Use /B2
RERSEAE . (ESFTREE JRitimim I N ER o S B IRONBE N O FR)
9.6 Dilworth #%%i¢: / Dilworth-Type Statements
Definitions / % %
B / chain RAL TP TC R W LA 746 [ / antichain RALEFIAN AR TR AT LI 75
Dilworth theorem / Dilworth EH!
AR R e, IR SR /INE T e e 3 4 BT T Y B DR
Use /B2

RBEEWMT B P50 R IEFERE AT LA A T EU A 4R A TRAE R URSERIR @ Te S PN BRI S B, A —E 2R
SEREIE o

10. K]i& / Graph Theory

10.1 Y254 & / Basic Graph Concepts
Definition / %& X
THE G = (V,E) \TSA4E V S E K, QRTERTTs. FrEss | RmEd.

ML degree / FE. path /%42, cycle/ &\ connected / i@ . component/ j%i# 43+ subgraph/ . complete graph K, bipartite
graph/ Z 5y

Ry EEERFR / Graph Problem Checklist



LSRR M. El. P, B TR
2. GRS v D% e BEHL

3. MEFEE. Euler 2430 Wl%A X ai# k.

4. HEOGERIAETE. SR OB BB R

10.2 & F €3 / Handshake Lemma
Theorem / FEF
ToHAT T i [ -

> deg(v) = 2|E|.

eV
HL G 27 BE T AN O 1B AL
Proof / i
BARMAFA R, TEEEUB RIS I BB . i T RRLRAR S, AP BO ANB AUA (E AL
Use / B4
SRR AIMOR SRS SRIBEL HERAET BE RO AL
10.3 | [5]#4) / Graph Isomorphism
Definition / %& X
B G5 H K, SR f:V(G) = V(H), i
wv € B(G) < f(u)f(v) € E(H).

Use / B4 H

TEBIREIR : 4 EBUR I AR EEOR B o IEWIANFIAY : RAERAR . GINTORE. 2%, EE)FS)

A7 PRI R 2 / Matrix Theorems for Graphs

Adjacency matrix walk theorem / 4R3[4 7% & 5

B AJEE G SRR, W) AR [ (i, 5) TCEE TR v; B o; BKEER K #E R,
Proof / ik

X kA k=10, SRHAEREE B R K LI ER . B AY Z58ar, -

(A1) = (AR A,

T

By R

XA vi E k BBIFEA v, FIE—FKIDN v Bl ojo MFCA PRI r KA, L KE b+ 1 BERE

Complete graph edges / 582 Fli %

T B4 K, (A%

Complete bipartite graph edges / 564 Blili %k

SER I Ko B935S0 :

(316)

(317)

Rl .

(318)

(319)



mn. (320)
h7E: B EH E H A2 B / Graph Isomorphism Invariants
AP E AL, I DL S 25 [ -

o Tt

o %

o JEBFI.

o EEN RN

o RBHZ5KE,

o PERBERAIK AT o
o HInl. WRHOACE.

L N CliLpoy VA EHD

Important / B E

KBS A SRS, ARTTA Ao WIS BR8] BEESOT 5140 7T REAS [ 44 o
Use/ B2

TIE A ) AQ B2 H DR SR BRI DU 5 SRS [ R 6 e — > A A LR

10.4 %@k / Connectivity

Definitions / %€ ¥

G EEFMERPA T Z AR AR e RS k(G) i B P A B AR 180T PLI Bt I B die D T e 2 A (G) AR
4 308 O i A Bk ) e A 1 8

Theorem / B %
X RS L A i 1 P -
K(G) < \@) < 8(G), (321)
Hrp 6(G) f/NE
Proof idea / ilE W] 8

TBRFA e NEE TR A BT KRB PIAINEE . FREAAN(G) < 0(G)o R EIEH B A EIRIMEEE T4 IE A A Fh MR/ ) i o 045
EZ/

Use / B4

W25 ] SEVERSURE F B INEE I A

10.5 W7 g -5 R 9] B / Euler Paths and Circuits

Theorem / B 3] #H 5E

TS TG 1) P A R m1 3, 24 HLASCS B4 TS BEROA R

Theorem / BRHE B HIE

HEIETC ) P A WL A TE WCHE [ %, 2 ELAOCY 1A BB BETTU o X BN AF BT A KR 1

Proof / il



WABENE - R L B A R N — AT TR . RIS A e ABERO 1o WL 4 P () TG AP o, S U R mORN S 4%
L. ot MERTUHARMILAE, MERERIEEZRE SN RE: SRAARML, TS A IEEDHEER .

Use/ B4 H
A A VAN AT B TS R . B A2 R WL I )

BRI ElE: BRbL. WA, P B A X ] / Graph Problem Types
Euler vs Hamilton / X5
FRPL IR R RE B SNA I E— IR HIE FEEH & BTN .

J=&

ISR O T RS REEA TR ST 7 — IR BCATR B 58 25 050, Dirac #ll Ore FUR T4 45 4F

Example / BGHLESH Wi
IR P ) BT A R -
3,3,2,2,2,2, (322)
AT ATAS S B AT WICHE % ELTC R [ 3 o
BT R
4,4,2,2,2, (323)

JI AT T BB, R AT R ] 8%
Planar graph example / i &l {515
HER K 3 61
K33 Hv=64Tm, e=951, A 0ERAZMAT. A B, WHhTL=M0-rmE L ER:
e<—4=2.6—4=8. (324)
He=9>8, FF. Fit Ks3 .
How to use / &4 i
P S R R 2R I, AN AR RR R B AN BB TR o BCRLA A, IR VORI ), P 7 Euler AURIA%L B
E: Wi E BB . At 475 B R g — %€ / Euler Trails in Detail
Necessary condition / 5Btk

FE— S EEACD IR — R trail W BR TR 25, BRKEEEA PR, S At 75— 2RI BT B A T
B ORI R BL . BEROR B R AT A, WA TR T MR FrLa . SRR TLR, MESMA 86—
ACRBXSHYA . e LA A3 B

Sufficient condition idea / 7551 B

A TR R P A TR BE SO 8%, MRS A AW ER . FOSRA TR FA SRS AN, FRIEEER S, SN R .
PE AP B MAEAARMIL . dE BT ) g RGO A . AR A A . IR B
SHEALRE

How to use / 2524
W P % ) 3 A St 2B AN ST R A Al PR AT B . A NS IR B R i

10.6 & 25 % 5514 51 ] / Hamilton Paths and Cycles



Definitions / % %
W T o B AN T RIS — IR o AT L ) 5 P P U
Dirac theorem / Dirac ¥
HHEE G A n >34T, HEANTAERED n/2, W G HIGHTIE.
Ore theorem / Ore %7
AL A AR w, v #A
deg(u) + deg(v) > n, (325)
M G AW i o
Use / B4 H
KR T FA, SRS AN Dirac/Ore ASREHE HL A WA BT o
10.7 F45 8% / Shortest Paths
Dijkstra condition / Dijkstra 21}
Dijkstra % ZERBAE
Invariant / A2 &
FFUE AR E TN v BA Y BTN g BB R TR R I v MR eI
Proof / iIEMH

EAEE AT v, SRR KEIT CME RS I S ad AR ARG . FILEL R A E R A KT8] o MR, RSk
F o pgh, FE.

Use/ B4 H
A1 A Dijkstra; W] % 8 Bellman-Ford. JeA¥ [ %5 % 1] BFS.

10.8 *F- 1 [ / Planar Graphs

Euler formula / BXhE 2y 3
T P T P A
v—e+ f=2. (326)
HA cAEmE R, N
v—e+f=1+c (327)

Proof / 1F B

WA . HEAR, BIERF L —&A S0 — 0GR A, il —e+ f A2 . AEMEIR . WfHe=v—1. f=1, fr
Plv—e+ f=2,

Corollaries / #Ei
e S R v > 3, W)
e < 3v—6. (328)

HIRRA =ML, W



e<2v—4. (329)
Proof / #IEW]

BAEERDN 3 KB, FEOBRSWHNEITE., UL 3f < 2e. RAMBIARE e <3v—6, BEMBHNEANTEAD4 530,
4f <2, He<20—4,

Use / B4 A1

HERAARF I BGIE: BBCPE, AL ERREITE. Ks He=10>3-5—-6=93pFi: K3 HE=MAFHe=9>2-6—-4
= 8 kP

#h75: Kuratowskis Fifa @R, PO EH / Planar Graph Theorems

Kuratowski theorem / Kuratowski & ¥#

BRSPS E RS Ky 5 Ky K15 R T

Meaning / & %

43— S SRR A 10 B4R N T AR 2 TR o Kuratowski SEBEBEHT, Fif SRR BE#R E Ks 5 K30
Five color theorem / . 4 & JH!

AT E R AT DL £ % 5 At I 1E 5 TR e £

Proof idea / i ] {8

HISP TR P SR AT AP T [ A BE AN 5 T MHBRIZTIS , W RIARIEAZAE 5 (. B 4REM T /AT 5 Bt , B
ML RRGUE: AR WA, T2 Kempe chain 24 €415 H — PP €.

Four color theorem / P4 {65 7l

FA-FHEE AT A ZES 4 Pl E. ZEMIEIREE, @5 IR ZORAESISM g, AEORERIEW .
Wk SPHE: EECO 4% 2e/ Planar Graph Counting

Face-degree sum / T & 5l

FEPTHRAN A, AN B R K B SR . B4R M IAE A A Fb s RS ER— NI ER K. B2 /AL T
2, FFLL:

> deg(f) = 2e. (330)
faces f
Why e < 3v — 6/ ft 2 Hi% ER
AR FCPEIEH 0 > 3, FAELAKERDNR 3. FHik:
3f < 2e. (331)
M Buler AR v—e+f=2, f=2—v+e. fEA:
32—v+e) < 2. (332)
T
e<3v—6. (333)

Triangle-free case / £ = MAIBIE L

HRAZME, SRS 4 KD, Ll



Af < 2e. (334)
N Euler 2334535 :
e<2v—4. (335)
How to use / B2 M
TERHAREE T, BEARA ZME. HEEEAE, AERMe < 20— 4.

10.9 E# {4, / Graph Coloring

Definition / %& ¥
BIE GRS g, fARARTSE B a3 x(G) R /baieasl.
Basic bounds / 3£

w(@) <x(G) <AG) +1, (336)
Hrp w(G) KRN, AG) BEKE.
Proof / iEBY

AP ERP AR, DA ARSI, il w(G) < Xx(G). SLRER, BATURS A AG) ANCRAE, FTLLEREN AG) + 1LF
B B — T A

Theorem / — 4y BB %E
B B B e A & 1.
Proof / 1F B

ARy, WETREP AR, KL EE. ok, HEATE, N EEs REER, ZERNERE RS WA AR
i, WiEREE, o7&,

Use /B4 H
PRARHER, T R EET A A . o - H BES B gLl o

75 255, / Chromatic Polynomial

Definition / &
B G @I Po(k) £a M kMBS G HUE R TS G ) 7 24
Examples / {1
=iHE By
P, (k) = k" (337)
e Ky
Pr, (k) = k(k—1)(k—2) - (k—n+1). (338)
BT A n AT
Pr(k) = k(k—1)"1, (339)

Deletion-contraction / JHIBs- B4 i HE
POE|37SVINCE



Po(k) = Pa—c(k) — Pge(k). (340)
Use / B4 H
IR I ER- M ard o, B BB R R IE A 5K
Wik . & EF0 BFS 4ift, / Bipartite Graphs in Detail
Theorem / 5E#H
GRZHE, HHMY G AETE.
Proof: bipartite implies no odd cycle / — 4> Fl i T 47 I

A BT A AT LR R, AR IS B o BT AEATREE . TR e 2 A A58 . R B A, BRI BLA AU L. Hit
AAFrEAT o

Proof: no odd cycle implies bipartite / JoA} R 43
R EEE. E— MR s, 4
L ={v:d(s,v) is even}, R = {v:d(s,v) is odd}. (341)

AAE— AR R — PR w, v, W d(s, u) i d(s,v) MR B s 2w BERHER. 4w Av B2 s RERHERAER .
WRRE AT AER, HhaaaE, TE. HERILHER L, R, EREZE. JRE@ R a7 2 Al

Algorithm / H.i%
BFS Wifa et : MRYLAO T A AAYLLL, SRR YW, ARIE AR R L. ot sl imBitaE . WA =5 .
Wik EEM: ENRM0E Y / Coloring Bounds

Clique lower bound / FI% T 5}

FEPA EATRPIBIARSE, WX kAT i ik AesF g, ikl
X(G) > k. (342)
RPN H -
xX(G) = w(G). (343)

Greedy upper bound / #y:0% LR

FAT RN FLE T S et . e AT, BREA AN, FIbRZEH AMgit. mREES A+ LR, S —mEitn
Mo FrLd:

x(G) < A(G) + 1. (344)
How to use / 2824

REPOERE LT RIGE. ERARNELES /D6, BERaRNEL RS /06, IR ETRME, a8 a5,
10.10 T, Hall 53 555 € 8540 / Matching, Hall, and Stable Marriage

Definition / &

DCRCR B A s Ak, — 0B G=(LUR,E)H, B L WICEN #5522 iR L.

Hall's theorem / Hall % #

oy B e R LIILES, S HACS 6T S C L



IN(S)| > |S]. (345)
Proof idea / UEH &

WEVERSR: S hgA SRR R 41 JE o 7850 nT R B 54N E I o

Use /B2

SYECAE. ISECE. TS HRUREE AT Hall 250 JERARFRYESE SR ILICI 4R — A S i [N(S)] < |S].

Stable marriage / 2 % U5 1A

Gale-Shapley deferred acceptance algorithm 2% 1F I3 [l 2 %2 VU /i

Proof idea / UE W&

BN AR A0 GORIS . BRSO RUEMR A - AR ZEX) . M —T5 & 5 — 07 REg. BT HESREE
FRHIRSER  PILAS AT REXUTS #0 B B AR o

*Fe: e WS A BE SR 4516 / Stronger Stable Marriage Results
Stable matching exists / £ 5% VL {745

Gale-Shapley JERFEZ FE— w21k, I4i A E TR
Proposer-optimal theorem / 33 75 it & Bt

A MZEMZ 5F R, N Gale-Shapley #i Hh 18R UCRCXT i A 220 25 55 8 H10R FCAE A R DT BC P REAS B A X 4 s R IRpe A i 2
5 RBETRENR -

Proof idea / IF B 2%

—AMRBE P EBHE LG A 21 TR AR E DRI, BT R SR SRR SR — M E E A
RS DL PRI o IR A0 R T R 2R W AR R DL FCH Y AT AT SR P R AT AT R 48 T A4 W7 Befle

Use / B2 H
TR IS IR SR ) A R A, BB, A REEIRIT, Gale-Shapley 4 Hi 218 7 A @ L IC -
10.11 #B{E M %4548 / Communication Network Metrics

Useful quantities / % {545

e distance d(u,v): shortest path length.

e diameter max,, d(u, v).

e average degree 2|E|/|V].

e clustering coefficient: local triangle density.

e cut/ min-cut: reliability bottleneck.
Use / B2 H

PO 4 AL AU A R B AR R LA T TSR B A P R TR R AR B R R S AT SRR R

)

7R MIT 15 455 F A 2 / MIT Communication Network Formulas
Complete binary tree network / 5% . X M %%
HH N =2" AT, MBER n=logy No M2 A LB A

2log, N. (346)



PR BT AN -
N—1. (347)
2-D array / " ZEPIS I 2%
A N =m? ANTEHER m < m Bk, WERN:
2(m—1) = O(VN). (348)
Butterfly network / B W 2%

N =2 BORRZEEA n+ 1)E, BREN AR, B EAREN:

©(NlogN). (349)
KN E i B A
log, N. (350)
Use / B4 H

MIT 815 P 45 800 EL 5 diameter / B2 switch count / &2 375 s %4 latency / %EiR. congestion / #ZE. RNEHET %L, B K R
FEWAR SR

11. 4 / Trees

11.1 HF &5 Z) ) / Equivalent Characterizations
Theorem / EF
ST FAE G, LUF &S

1. G 1M
. G i@ H .

. GEEA |E = V|- 1.

G REH|E = V|- 1.
ARSIV 2 [8) ME— BREA

. G /N TR A AS T .

. GHRTEE: MR RS = .

~N N B W

Proof / Ik B8 3%

ol T P R A 7 B BTG HOR " 38 T (RIS AR PR HLME — s 33 P A AR ) R SR A, U SR T T
o DB AKX TGN : B — AT, - JE R

Use /B2 H

L A X LB 2 ) P . BRI SE AR, i s n — s HTE .
WA B A4 e=v— 13X 4% A / Trees in Detail

Detailed proof / V£ 41H1E B

IEFEERA v N TIREIR A v — 1 51k

X oA Hv=1, FAATIREAL, Flle=0=v—-1,



BB v =k HEA k— 1 50, R v=F+ 1R MEDG—AT, BER— 7R R 5, RREEE B
B, FrLMRR . A kAT RPN RS, RIRRA k-1 5. sk, Saa%oh:

(k—1)+1=k=(k+1)—1. (351)
JIt LGS T o
Use / B4 H
REGEE g R BBk v — 1, @ Dr 2820, HE8 H 4 e BBk v — 1, dod ey DUE A o
Wik BB S0 S /8 4 HAf#E / Tree Equivalences
Core cycle-path principle / 1% J5

FEF A, AT Z B FEPIA AR BB, MXMARBR SRR E M. Rk, FEPAaRE. N EERRA TN
Z IR PR AN ] B

Tree implies unique path / ffi e — %12

W, FTDMERW R B — Rk R AABAAR AR, WERE. FE. HibkekE—,

Unique path implies tree / Mi— & 24k Hibt

GAEEMW AR, WEERE. FEPAE, WE SR WA AR, TIE. BTLUCE. EiEETE, FIE.
Minimal connected / 1 /Jvif i

AR R R wo . JROR u B v BME— BRI AR . MIBRIE w, v AR, i DU AN EE .

Maximal acyclic / % K T4

FHTER P —53610 o, JFREAM v B o fIE—E R A w5, XEBHEMBE A .

11.2 M5 3 2 / Leaves and Degree Formula

Theorem / Hf & Fl
A B/ AT A 2 /DA AN o
Proof / ilEW]

B R T B AR . e S O T L, AT DA S s S A B B AR A SR AR N T I KBRS, B A e B R A
Degree formula / JEE A
LA n AT, )

> " deg(v) =2(n—1). (352)

vev
0 ong RRBEHCh TR AL,

Zn =n, Zznz =2(n—1). (353)
Use / B4
2 SEMH BEROM SRR . X PIAN T
11.3 #E# 5 m X #} / Rooted and m-ary Trees

Definitions / %& X



MR — MRS roote &+ M. FR. 28 WEHMXRE Lo # m XKW RgEAETEEE m AT
Theorem / j#% m XA

A m XA ANERTR CAE T BT e,

n=mi+1, f=(m—1)i+1, ”:TZf:f‘ (355)
Proof / EW]
AN R4 m FZB WA, e = mi. WEFe=n—1, Filkn=mi+1. Xn=1+L, RABHFLH.
Use/ B2 M
e T IS N 2 (S N 3 via v i L T PR AW
th7E: MW E B 55 / Binary and m-ary Tree Bounds
Height bound / & & 7
WA b m RS A
m" (356)
AEF
Proof / #lE
HOBRRE LT, 5 1EREZ m A, 0 ERE mh A HTREZLTEREE, HILEZ m" 4
Leaf-height lower bound / M7 % i & T 7
#m XA LA B, N
(< mh, (357)
B LA
h > [log,, £]. (358)
Full binary tree / i - Xt
W X BN TUEE A 24T ANRTUEECh i« HE0h ¢ W
(=i+1. (359)

XA m XA L= (m —1)i + 17 m = 2 W
11.4 &} / Traversal
Orders / Jli5

e Preorder/ WijJF: 2. ZETW G TH.
e Inorder / H1J7: left, root, right.

e Postorder / J5 J5: left, right, root.

e Level order / JZ)%: breadth-first.

Use / B2 A

E v R L 5o S s i W =5 D) VAULE) S5 S V1D DU VA2 S8 LW



11.5 A it 5 B /N A / Spanning Trees and MST
Theorem / & R {74E
5 3 1 A TR o
Proof / #EBH
HEEAE . MERE i, EEMERERTCR, 758 %E o R A A L BIAR R .
Cut property / ZIVEF

TEMBGEE IR, RMERCE], 25 H 0 R0 8 T SRR N B

Proof / IEBY
H—HE MST, PEEREREN e, MN e 2TEHIE, BhER—KER 0L fo Ae B f ASENMNE, 131535 MST,
Use / B4

Kruskal FI Prim fIEREAGBEITEST . Kruskal B:0% AN R0 Prim S0 CIETR R A [ SME R .
DRAEJRIT  Be/NERM . Kruskal JyftZ IEHf / MST Greedy Correctness

Kruskal algorithm / Kruskal %7

TR LRI NEIRHER RO TE R, HRIE v — 1 %k,

Why it works / it A IE i

Kruskal fRUCHEFERO A AREE LI, 3 LM LT I3 . ARARBIPEIT, AT LUR THCHE MST. R chr %4
. RS R MST.

Example / /525 2§

fifg MST PN G =51 ikl REEMRE. REERE. SFUGBRTERERLHBE . RERERTET v—1 %0 HIOTFv
- ]-’ )E*i%ﬁo

11.6 Huffman %##% / Huffman Coding

Theorem / Huffman #7-0 4k R

Bl BT GRARTI h , ATRIAR  AAF5 TT LU R i 2 i S 27
Proof idea / IEW] &

TEAR—IRAEM . BRI AR R T, TSRS 2, RIS R R . TR EHANRIRRAF 56
P AFFS BBIRRAE

Use / B2

Hy3# Huffman i 58 A AR AIMUE . SERARTEN S S00EEEE R + il 1451 .
PP Huffman 4350028 2 i81F / Huffman Exchange Argument

Goal / Hb#

Huffman SERFRE IF PN RARIIRAF 5 BHEM D00 IER , 75 ZOE BTSRRI 0 X A R IR A5 e d PR A Bk S
Hio

Exchange argument / ZZ i iE



TEAEBRAREIZERGR P, BUR IR R — X L 2, yo ENTRIRER K. SRR S o, b MEXHAMIE, Ba,b 5 z,y ZHe.

B a,b B E T oy, SCARBAF S S R AS S H A B 2 1 -

Zfidi-

(360)

JIt LA — BRI A LE A SRR AT 5 O Bk S oo SWEATE IR — MU fo + fo BRSO 1, BB U AT

How to use / /&2 H]
JE A 57O B 5 ) exchange argument : 3 WHAT 355 f0 i 10 A 15038 B4 &5 50 OO BB R IR S 10 1
12. £ /R {4 / Boolean Algebra

12.1 A JRARE LN B 5 X6H® / Boolean Algebra and Duality
Operations / &8

H/RREGEHE + -~ T, 5% OR. AND. NOT.

Laws / A%
z+0=uz, r-1=ux,
r+1=1, z-0=0,
r+r=ux, xr-r=ux,
r+x=1, z-x =0,
T+y=2"-79,
r-y=x+Yy.

Duality / %HB 55

HARESER RO, B+ 5 - B 05 1 BiUS5 8 M 0B HR0T.
Use/ B2

AR TR B L RN /R 23R 0e B R AT s ie &

12.2 1 /R K% # 7~ / Representing Boolean Functions

Theorem / DNF and CNF

A IR EREUCHR T R AHTIGER DN, 7] 75 45 B CNF,

Proof / #E B}

DNF: XEMER PG 1T 1 AR, 54 minterm, € R7EZATI 1 A minterm J OR. CNF 2

maxterm.
Use / B2
FUERFALIAN, fili 11708 DNF; i 0170/ CNF.
PR RIT: i /Rek%k: M E{EFS DNF / Boolean Functions from Truth Tables
Example / XOR [ DNF
Fuk p ® g FEPIFMEDL T 0 1
(p,q) = (1,0) or (p,q) = (0,1).

%} M/ minterms :

(361)

. X 0 TS

(362)



PATg,  TPAG (363)
LA
P®q=(pA—q)V(-pAg). (364)
How to use / B4
MFEFHS DNF: JEH N 1T 8475 8 20CRZATH AND Ji: 55 OR k.
12.3 ThRESE 451 / Functional Completeness
Theorem / NAND 5 NOR 584
NAND HUMDJRE e %, NOR HUMBIRE E 4o
Proof / NAND
z=ztz, cAy=@tyt@ty, zVy=@tz)T(yty. (365)
HF NOT. AND. OR "]y NAND /5, WfiE A1 EEA /RE4L, Tl NAND 5845, NOR 2.
Use/ B2 H
FLBR ST v A0 R A LB G NAND % NOR, s Sl 3E A T ok«
12.4 Karnaugh [§] / Karnaugh Maps
Idea / 3%
R/ K-map OISR 2E— AN BT minterm BOZEAR4FA% . 0 145 1,2,4,8, . MBI M2, AR bR &, £33 /L DNF.
Use / B2
A 2B AR TFEAT . R T SRR T A AT
Wk MRS BN ORI, RiEE / Minterms, Maxterms, K-Maps
Minterm / fz/Miji
Xt n AR, A4S minterm ST AR BB A E M AND, HHAE—ITHEMEETI 1 BINAER oy, 29, 7 (1,0,1) XPi:
T A—YA z. (366)
Maxterm / 3z K3
maxterm 225 B H A E R OR, HRE—FFEME I 0. #3474 (1,0,1), XA maxterm Jy:
-z VyV -z (367)
BATEZAT T A 0.
DNF and CNF / Bl sU5 Gt R
DNF B At 1 #4705 b minterm OR 2ok . CNF JERTA it 4 0 fF7%) 2 maxterm AND f2k.
+ #5454l / K-map grouping

FIEIRR SR L — . JERIAREY 1 A, R RPaN L, MERERRE . SRR 1,2,4,8, ...

13. 35478 / Modeling Computation



13.1 &5 5 / Languages and Grammars

Definitions / % %

FRER D R THEA . PR RARM S EE R D .

SO AR R KGR PRI IR S AL A AR AR S S R TSR BUIE S
Use / B2

IEAAF R TIES : AR IEAETIES . ST SEOTL L S 25 A 5

e S0 / Grammar Types

Phrase-structure grammar / %315 2514 303

PR R, ZEAT DU S R AR

Context-sensitive grammar / | F S0 3¢

PR REAEE A A, W BN

aAB — ayp. (368)
Context-free grammar / |- F XTERTE
B AR ED A AR
A= . (369)
Regular grammar / 1E W 3¢5
FEERTEN
A — aB, A — a, A=\ (370)
Hierarchy / 2%
regular C context-free C context-sensitive C phrase-structure. (371)
Use / B2 H

IEMES X ARAZIL: B SCRRES % N TR E S EEME 5 L.
13.2 AR ZSH1 / Finite-State Machines
Definition / &
T %E A R H 3L DFA Dy Fioed -
(Q,%,6,q0, F), (372)
Hep Q ZARRESE, SRFEE, 6:Qx T — Q BHBRE, ¢ RIS, FREZSES.
Use/ B4
W3t A SR, REEH FoR ] B LT ERE R, PR S R T A,
7 Ak A PR AL / Finite-State Machines with Output
Mealy machine / Mealy #l

Mealy HLA % HAR A4 HIRRZSFIHIA -



M = (8,1,0, f, g,50), (373)
Hp foSx T — S ZREHBEE. g: 8 x T — O Zhii k%
Moore machine / Moore #l
Moore LA H AR Y AR -
M = (S,1,0, f,g,s0), (374)
Hirg:S— 0,
X’ / Difference
Mealy % B 7E ., Moore 4 5 fEtk A bo Mealy J8H WY E e, Moore 18 % B 455 407
Use /B2 H

Rosen [#) computation modeling H1£x X 43/ i HARZSHL AT HURSHL . IRBIE S 8% A 3L, dpiig. Bl hil
iF s A 4 RS AL

AR AL RASFNK LRI 4 / Finite Automata Intuition
Example / {555
it DFA $232 A —3E e, RN — I AREBE 3 HERR
State idea / IRZ& & X
BNFRE . HTZC S BB 3 I RE. BIIRES A -

qo : remainder 0, g; : remainder 1, gy : remainder 2. (375)
BN bith € {0, 1} b, JFEL o AR 20 4+ b, B LARECE R A -

7 =2r+b (mod 3). (376)

RS qo0

Transition table / ¥ 53
©|o @ (377)
q1 | 92 4o
92 | 91 Q2

How to use / /&4 Ji

H USRI R RSAFAT AR B B m BERREA LA H AF R A A P 8T parity ;275 H BUREAMECAY einy C 4Dt s
R TSR

13.3 IEMFIAZ 5 B 311 / Regular Expressions and Automata
Kleene theorem / Kleene &P

—AEE B R A SR, 24 BACS AT i IE R kR

L isregular <= L is recognized by a finite automaton <= L is described by a regular expression. (378)

Proof idea / I W&



MIEN K 50F] NFA: X} union. concatenation. star fit£5#4 04 . HEWLEIENFRIA: B HERE, ERIRE A I RIEN

Use/ B2 M

TE D35 35 00T 76 regex. DFA. NFA =R )i, 27 m—f.

Wk IENES F0 Pumping Lemma / Regular Languages and Pumping Lemma
Pumping lemma / 75| #f

HiEE LRIEWES ., WAERKEp, #3EEs e L H [s|>p. &5 H:

s = zyz, (379)

|zy| < p, ly] >0, zy'ze€ L foralli>0. (380)
Why it holds / 4t 4 BlF

IEDTEF AT B DFA U)o %5 DFA F p MIRZS . BEAKERD p T FRFERET p MFSI, IRAERSHEE, RRELES. BERE
ZRBEEIH T A yo RO —RELERX N IMER S IR REARSE B2 4. BTl y 7T LAR 2Rk

How to use / &4 Ji

HEBTE & JEIE NN T SO RBEN , BB p, & —MEERIFAFE s € L, IERIRIA 9% s = zyz, #REEHREIIEAS ¢
xy'z ¢ L,

Example / {3
LR
L={0"1":n>0} (381)
ARIEMES
% LIEW, BRKRE po 4
s = 0P17. (382)

B [zyl < p. Brblo 0y MG EFHR 0. H [yl > 0. 8y RFE, BRES KL 0, AL =0, BRI FRE x2 0 BEED
T, HIREEP N p, FIUAEET Lo FE. Hit L JEIEN.

13.4 ERHLE A0 A %M / Turing Machines and Undecidability

Core theorem / 1L [ iR v] H| &
NFAESLREN TR F P AN « JIW; P(x) A5,
Proof / il

SEe BEAFERER H(P,x), %5 P(z) FHUILRE tue, 0 false. HERRT D(P): ¥ H(P, P) 7y true, WP NTCRIEIR; #Hh
false, W{=HL. BEN D(D). # H(D, D) true, W D(D) NMEHL; # false, W D(D) 424l FJE-

Use / B2 H
AR EMEIE R H T B8R R RS ARSI, DR SR AT
PRI (SR SE ) 3 #5454 / Halting Problem Explained

Goal / Hb#



WA FEBRRT H(P, ), REAWEERT P ERA © RS
Contradiction setup / JZiF % &
B H #1E. % HRF D(P):

o & H(P,P) ¥l P(P) 434, W D(P) HUZBENSLIEIF .
o A H(P,P)Jllr P(P) A&fgtL, W D(P) sz

% K D(D).

# H(D,D) # D(D) f=HL, W D WM&, D(D) XFEWEF, T o

# H(D, D) # D(D) Raxf#hl, M D #E L, D(D) 2z, .
PIFMESLER T &, Tl H AFFTE.

How to use / B2 M

RRTHEVERE W A B — AT AR R — M OB IO IR R L ST D LIETT
14. MIT 6.0427 / 6.1200] % WAN 78 & 8

14.1 JRZSHL / State Machines
Definition / & X
REVUHRSES . VIRRE . BEAA R TRRERMIIEREET A RSB R RIER RS
Invariant theorem / 4328 & #E
A DX WIRIRAS AL, I B AR R R RS 1, W 1 XA A T iSRS AL
Use / B2
MIT AR IEIIESETE . TR PhSCHE RS HL. TR SRR A AT 35 I — A A4S BHERR R4S o
142 FEMLYFE / Random Walks
Simple random walk / i B BE NI &
TEREBR b B UIMER 12 M ARG & X 245 ¢ e, N
E[X,]=0, Var(X,) =t

Proof / 1F B

Use / B4

WERLi A 3 SE R e s AR Rk W i, AT R 2 A K
14.3 JiEak 5 s / Games and Losing Positions

Nim xor rule / Nim S

T A Nim JkH, JREA a1, ..o ape 47

a1 ®ay® - Dap =0,

AaEp R Y LSk 1, HBSERSM. WX, =00, Y, A EY] =0, Var(Y;) = Lo Bl g EvE vy 7 3 al 4%
A\

(383)

255

(384)



MHZ R RS . B ERS
Proof idea / il

# oxor g 0, (ERBENMAUCEI—HE, il xor I£F. 3 xor JEF, Hummhih 1o, R —EELAN 1 AR, LB E
xor 48 0o PHILARZE eyl vl A2 %R . 2R 1 A RE AL B FE 2R T o

Use / B2

%% impartial combinatorial game, &3 P-position / N-position, Nim B 5 xor.
15. ,83%& 5| / Formula Index

15.1 Logic / ¥4

e p—>q=-pVg

e pog=—q—p

s peqg=(p—=aAN(g—p)
o —VzP(z)=3Jz—P(z)

e —JdzxP(z) = Va—P(x)

15.2 Sets / B2 &

e A=B<— ACBABCA
e (ANB)*=A°UB"

e (AUB) = A‘NB*

|P(A4)] =214

e [AUB| =|A|+|B|—|ANB|

15.3 Sums / 3R Fll

o S i=n(n+1)/2

.« X0 =n(n+1)2n+1)/6
S it = (n(n+1)/2)?

o Xior = (" =1)/(r—1)
o H,=0(logn)

15.4 Asymptotics / #iT

o f=0(g): eventually f < Cg
e f=Q(g): eventually f > Cyg
e f=0(g): both O and Q

e 1<logn <n‘<a" <n!
15.5 Number Theory / (i

e a=b (mod m)<=m]|(a—0b)

e gcd(a,b) = ged(b, a mod b)

e gcd(a,b)lem(a,b) = |ab

e Bezout: ged(a,b) = sa+tb

o a fEfEm FHYIC, % HMY ged(a,m) =1
e CRT:z =),a;M;y; (mod M)

e Fermat: a? ' =1 (mod p)



e Euler: a*™ =1 (mod n)
15.6 Counting / i14%

e P(n,r) =nl/(n—r1)!

(1) =nl/(ri(n—r))

o (Trl) =2"

(@ +1)" =i (}) "y
e Stars and bars: ("ﬁ;l)

e Derangements: D,, = n! > 7_ (—1)*/k!

15.7 Probability / 2

e Pr(A°)=1-—"Pr(A)

e Pr(AUB)=Pr(A) +Pr(B)—Pr(ANB)

e Pr(A|B) =Pr(ANB)/Pr(B)

e Bayes: Pr(B; | A) = Pr(A | B;) Pr(B;)/ Y., Pr(A| B;) Pr(B;)
e EX]=), zPr(X=2)

e Var(X) = E[X? - E[X]?

15.8 Recurrences / i1

°* a,=cap1+d=a,=c"ay+dc"—1)/(c—1)

2

® a, = cian—1 + c2a,—2 uses characteristic equation 7 — ¢y —ca =0

e Master theorem: compare f(n) with nlog ¢

o Alz) =350 anz"
15.9 Relations / % &

e Equivalence relation = reflexive + symmetric + transitive.
e Partial order = reflexive + antisymmetric + transitive.
(k1)

e Transitive closure update: Wi(jk> = Wi(jkfn % (Wi(kkfn AW )

15.10 Graphs and Trees / [& 5#

e Handshake: Y, deg(v) = 2|E]|

o Tree:e=v—1

e Planar connected: v — e + f =2

e Simple planar: e < 3v — 6

e Triangle-free planar: e < 2v —4

e Coloring: w(G) < x(G) < A(G) +1

e Fullm-arytree:n =mi+1,0=(m—1)i+1

15.11 Boolean and Computation / #fi /K 5 14

e DNF: OR of minterms for rows where output is 1
e CNF: AND of maxterms for rows where output is 0
e NAND: z=zTz

e Halting problem is undecidable.

16. Quiz 48R / Frequent Quiz Patterns



16.1 1B %551 / Logic

o WU S E: FAER SN
o TE SRR BRI I E M T A .
o JEH] implication: L5E% & ELHAE B B THIEHT o

16.2 %5188 / Number Theory

o Kged: BOULRAGHE.

o OREGH: §REULERS.

o fRANERIZ: JoF god REGEERAD.

o KHWHUBL: BRTh. BREL. CRT. PRiEH.

16.3 1144/ / Counting

o JEMAMT: HEF vs Ab
HARGFEE: BEELlEIHE.
BB D—AIREM: BRI AE.

TR BATE E R B

'/

f T fn fm

'/

16.4 H% 2 5i / Probability

o SRR L.

SV PP YIE e

JRI%f Bayes.
BEHLTAC 7 B S IR

16.5 &£/ / Graph Theory

o HEIm: FRLEE / HCHLIE o

o BERIUC MR / R EE
o CPHEifE: Euler A5 UHIIA%L B3
o ZrM: JowrREE BFS M.

o Bf: HETEH e =v—1,

17. p3EREFR / Bilingual Glossary

e proposition: iy

o predicate: i)

e quantifier: & 17

e implication: Z§ %

e contrapositive: ¥ 73 Ay i

e contradiction: 77 J§& / JZiiE

o set: 4

o subset: -4

e power set: 74

e function: PR%L

e injective function / injection: A5}
e surjective function / surjection: Ji#i 5
e bijective function / bijection: ¥}
e countable: FJ 4§



uncountable: A%
divisibility: ¥ [

congruence: [ 4%

modular inverse: #3% 50
Chinese remainder theorem: 1 & 3| 4% & 5
induction: 9447

recurrence: AR F
generating function: 4 i B4
permutation: H%
combination: ZH&

pigeonhole principle: A% i Jf #f
derangement: 453k

random variable: Jifit/[ 45 &
expectation: }}E2

variance: J7 7%

equivalence relation: Z5{fy & 2
partial order: ff

graph: [

tree:

planar graph: i [&]
matching: JCJit

Boolean algebra: i /R84
finite automaton: 45 R 4 sh#/L
Turing machine: & Z#1



	离散数学课堂笔记/ Discrete Mathematics Notes
	1. 逻辑与证明 / Logic and Proofs
	1.1 命题与联结词 / Propositions and Connectives
	深讲：真值表、永真式、矛盾式 / Truth Tables, Tautologies, Contradictions

	1.2 逻辑等价律 / Logical Equivalences
	课堂展开：逻辑等价与证明写作 / Equivalences and Proof Writing

	1.3 谓词与量词 / Predicates and Quantifiers
	课堂展开：逻辑：从中文句子到符号 / Logic: Translating Statements

	1.4 推理规则 / Rules of Inference
	1.5 证明方法 / Proof Methods
	1.5.1 直接证明 / Direct Proof
	1.5.2 逆否证明 / Proof by Contrapositive
	1.5.3 反证法 / Proof by Contradiction
	1.5.4 分类讨论 / Proof by Cases
	深讲：证明方法选择表 / Choosing a Proof Method


	2. 集合、函数、序列、求和、矩阵 / Sets, Functions, Sequences, Sums, Matrices
	2.1 集合基础 / Set Basics
	模板：证明集合相等 / Proving Set Equality

	2.2 集合运算恒等式 / Set Identities
	课堂展开：集合证明：元素法完整写法 / Set Proofs by Element Chasing
	深讲：集合代数和逻辑代数的对应 / Sets as Logic
	深讲：幂集、笛卡尔积和二进制选择 / Power Sets and Binary Choices

	2.3 基数与容斥 / Cardinality and Inclusion-Exclusion
	课堂展开：容斥：从“至少一个”到“没有坏事件” / Inclusion-Exclusion in Detail

	2.4 函数 / Functions
	模板：证明函数单射 / Proving Injectivity
	模板：证明函数满射 / Proving Surjectivity
	课堂展开：函数：单射、满射、双射的完整证明 / Functions in Detail

	2.5 反函数与复合 / Inverses and Composition
	2.6 地板与天花板函数 / Floor and Ceiling
	2.7 可数与不可数 / Countability
	补充：Cantor 定理与 Schröder-Bernstein 定理 / Cantor and Schröder-Bernstein
	深讲：可数性的三种证明方式 / Three Ways to Prove Countability

	2.8 序列与求和 / Sequences and Summations
	深讲：求和公式的来源 / Where Summation Formulas Come From

	2.9 矩阵与布尔矩阵 / Matrices and Boolean Matrices

	3. 算法与增长阶 / Algorithms and Growth
	3.1 算法的性质 / Algorithm Properties
	3.2 渐近符号 / Asymptotic Notation
	课堂展开：渐近符号：常数和阈值怎么写 / Big-O Proofs with Constants

	3.3 常见增长阶 / Common Growth Hierarchy
	3.4 常见算法复杂度 / Common Algorithm Complexities
	深讲：算法复杂度：循环如何翻译成求和 / Loops as Sums


	4. 数论与密码 / Number Theory and Cryptography
	4.1 整除 / Divisibility
	模板：证明整除 / Proving Divisibility

	4.2 除法算法 / Division Algorithm
	深讲：除法算法和模运算的底层逻辑 / Division Algorithm Deep Dive

	4.3 同余 / Modular Arithmetic
	模板：证明同余 / Proving Congruence

	4.4 最大公约数与欧几里得算法 / GCD and Euclidean Algorithm
	4.5 Bezout 定理与扩展欧几里得 / Bezout and Extended Euclidean Algorithm
	课堂展开：数论：欧几里得算法与 Bezout 反代 / Euclidean Algorithm in Detail

	4.6 素数与唯一分解 / Primes and Fundamental Theorem of Arithmetic
	补充：素数判定与素数无穷性 / Extra Prime Theorems

	4.7 模逆元与线性同余 / Modular Inverses and Linear Congruences
	课堂展开：模逆元与线性同余：完整流程 / Modular Inverses and Linear Congruences

	4.8 中国剩余定理 / Chinese Remainder Theorem
	补充：广义中国剩余定理 / Generalized CRT
	课堂展开：中国剩余定理：构造法 / CRT by Construction

	4.9 费马、欧拉与 Wilson / Fermat, Euler, and Wilson
	课堂展开：费马与欧拉：降幂取模 / Reducing Exponents
	深讲：欧拉函数公式的详细证明 / Euler Phi Formula

	4.10 进制表示与快速幂 / Base Representation and Fast Exponentiation
	4.11 RSA
	深讲：费马、欧拉和 RSA 的证明链 / Fermat-Euler-RSA Chain

	4.12 伪素数、原根、离散对数 / Pseudoprimes, Primitive Roots, Discrete Logs

	5. 归纳、递归与不变量 / Induction, Recursion, and Invariants
	5.1 良序原理 / Well-Ordering Principle
	5.2 数学归纳法 / Mathematical Induction
	课堂展开：归纳法：写完整 induction step / Writing Induction Clearly

	5.3 强归纳法 / Strong Induction
	课堂展开：强归纳：为什么可以假设所有更小情况 / Strong Induction

	5.4 递归定义与递归算法 / Recursive Definitions and Algorithms
	5.5 结构归纳 / Structural Induction
	5.6 不变量 / Invariants

	6. 计数 / Counting
	6.1 基本计数原则 / Basic Counting Principles
	课堂展开：计数：先问“对象是什么” / Counting Starts from Objects

	6.2 排列组合 / Permutations and Combinations
	深讲：排列组合公式的证明细节 / Permutations and Combinations Deep Dive

	6.3 二项式系数恒等式 / Binomial Identities
	模板：组合证明 / Combinatorial Proof
	深讲：Vandermonde 恒等式和 Hockey-Stick / More Binomial Identities

	6.4 二项式定理与多项式定理 / Binomial and Multinomial Theorems
	深讲：多项式定理和系数提取 / Multinomial Coefficients

	6.5 鸽巢原理 / Pigeonhole Principle
	6.6 星棒法 / Stars and Bars
	课堂展开：星棒法加上界 / Stars and Bars with Upper Bounds

	6.7 有重复元素的排列与多重集合 / Repetition and Multisets
	补充：广义排列组合 / Generalized Permutations and Combinations

	6.8 错排 / Derangements
	课堂展开：错排与容斥 / Derangements by Inclusion-Exclusion

	6.9 满射函数与 Stirling 数 / Onto Functions and Stirling Numbers
	深讲：满射计数和第二类 Stirling 数 / Onto Functions and Stirling Numbers

	6.10 Ramsey 例子 / Ramsey Example
	6.11 Catalan 数 / Catalan Numbers

	7. 离散概率 / Discrete Probability
	7.1 概率空间 / Probability Spaces
	模板：概率四步法 / Probability Four-Step Method

	7.2 概率规则 / Probability Rules
	7.3 条件概率与贝叶斯 / Conditional Probability and Bayes
	课堂展开：概率：条件概率和 Bayes 的完整表格法 / Bayes with a Table
	深讲：条件独立和全概率 / Conditional Independence and Total Probability

	7.4 独立性 / Independence
	7.5 随机变量、期望、方差 / Random Variables, Expectation, Variance
	课堂展开：期望：指示变量法 / Indicator Variables
	深讲：方差、协方差与独立性 / Variance, Covariance, Independence

	7.6 常见分布 / Common Distributions
	深讲：概率分布公式的来源 / Where Distribution Formulas Come From

	7.7 偏差界 / Deviation Bounds
	深讲：偏差界怎么选 / Choosing Markov, Chebyshev, Chernoff

	7.8 生日问题 / Birthday Principle

	8. 高级计数、递推与生成函数 / Advanced Counting, Recurrences, and Generating Functions
	8.1 递推关系 / Recurrence Relations
	8.2 一阶线性递推 / First-Order Linear Recurrences
	8.3 常系数齐次线性递推 / Linear Homogeneous Recurrences
	课堂展开：递推：特征方程完整算例 / Characteristic Equation Example

	8.4 非齐次递推 / Nonhomogeneous Recurrences
	深讲：非齐次递推：猜特解的规则 / Nonhomogeneous Recurrences

	8.5 分治递推与主定理 / Divide-and-Conquer and Master Theorem
	课堂展开：主定理：三种情况怎么判断 / Master Theorem Examples

	8.6 生成函数 / Generating Functions
	课堂展开：生成函数：把限制翻译成因子 / Generating Functions as Translators
	深讲：生成函数解递推 / Solving Recurrences by Generating Functions

	8.7 双重求和与换序 / Double Sums and Changing Order

	9. 关系、等价关系、偏序 / Relations, Equivalence Relations, and Partial Orders
	9.1 关系及性质 / Relations and Properties
	补充：n 元关系与数据库操作 / n-ary Relations and Databases

	9.2 关系表示与闭包 / Representations and Closures
	补充：关系的复合、幂与可达性 / Composition and Powers of Relations
	深讲：关系闭包：矩阵和图的视角 / Closures by Graphs and Matrices

	9.3 等价关系与划分 / Equivalence Relations and Partitions
	课堂展开：关系：等价类和偏序不要混 / Relations, Equivalence, and Posets

	9.4 偏序 / Partial Orders
	深讲：偏序、格、上下确界 / Posets, Lattices, Bounds

	9.5 拓扑排序 / Topological Sorting
	9.6 Dilworth 型结论 / Dilworth-Type Statements

	10. 图论 / Graph Theory
	10.1 图的基本概念 / Basic Graph Concepts
	模板：图论题流程 / Graph Problem Checklist

	10.2 握手定理 / Handshake Lemma
	10.3 图同构 / Graph Isomorphism
	补充：图的矩阵定理 / Matrix Theorems for Graphs
	补充：图同构判定常用不变量 / Graph Isomorphism Invariants

	10.4 连通性 / Connectivity
	10.5 欧拉路与欧拉回路 / Euler Paths and Circuits
	课堂展开：图论：欧拉、哈密顿、平面图的区别 / Graph Problem Types
	深讲：欧拉定理的图论版本：为什么奇度点决定一笔画 / Euler Trails in Detail

	10.6 哈密顿路与哈密顿圈 / Hamilton Paths and Cycles
	10.7 最短路 / Shortest Paths
	10.8 平面图 / Planar Graphs
	补充：Kuratowski、五色定理、四色定理 / Planar Graph Theorems
	深讲：平面图：面计数为什么是 2e / Planar Graph Counting

	10.9 图着色 / Graph Coloring
	补充：色多项式 / Chromatic Polynomial
	深讲：二分图、奇圈和 BFS 染色 / Bipartite Graphs in Detail
	深讲：图着色：上下界和贪心算法 / Coloring Bounds

	10.10 匹配、Hall 定理与稳定婚姻 / Matching, Hall, and Stable Marriage
	补充：稳定婚姻的更强结论 / Stronger Stable Marriage Results

	10.11 通信网络指标 / Communication Network Metrics
	补充：MIT 通信网络常用公式 / MIT Communication Network Formulas


	11. 树 / Trees
	11.1 树的等价刻画 / Equivalent Characterizations
	课堂展开：树：为什么   e=v-1 这么常用 / Trees in Detail
	深讲：树的七个等价条件怎么互相推 / Tree Equivalences

	11.2 叶子与度数公式 / Leaves and Degree Formula
	11.3 根树与 m 叉树 / Rooted and m-ary Trees
	补充：二叉树高度与叶子界 / Binary and m-ary Tree Bounds

	11.4 遍历 / Traversal
	11.5 生成树与最小生成树 / Spanning Trees and MST
	课堂展开：最小生成树：Kruskal 为什么正确 / MST Greedy Correctness

	11.6 Huffman 编码 / Huffman Coding
	深讲：Huffman 编码的交换论证 / Huffman Exchange Argument


	12. 布尔代数 / Boolean Algebra
	12.1 布尔代数公理与对偶 / Boolean Algebra and Duality
	12.2 布尔函数表示 / Representing Boolean Functions
	课堂展开：布尔函数：从真值表写 DNF / Boolean Functions from Truth Tables

	12.3 功能完备性 / Functional Completeness
	12.4 Karnaugh 图 / Karnaugh Maps
	深讲：布尔代数：最小项、最大项、卡诺图 / Minterms, Maxterms, K-Maps


	13. 计算模型 / Modeling Computation
	13.1 语言与文法 / Languages and Grammars
	补充：文法类型 / Grammar Types

	13.2 有限状态机 / Finite-State Machines
	补充：有输出有限状态机 / Finite-State Machines with Output
	课堂展开：自动机：状态到底表示什么 / Finite Automata Intuition

	13.3 正则表达式与自动机 / Regular Expressions and Automata
	深讲：正则语言和 Pumping Lemma / Regular Languages and Pumping Lemma

	13.4 图灵机与不可判定性 / Turing Machines and Undecidability
	课堂展开：停机问题：反证法的自指结构 / Halting Problem Explained


	14. MIT 6.042J / 6.1200J 常见补充专题
	14.1 状态机 / State Machines
	14.2 随机游走 / Random Walks
	14.3 游戏与必败态 / Games and Losing Positions

	15. 公式索引 / Formula Index
	15.1 Logic / 逻辑
	15.2 Sets / 集合
	15.3 Sums / 求和
	15.4 Asymptotics / 渐近
	15.5 Number Theory / 数论
	15.6 Counting / 计数
	15.7 Probability / 概率
	15.8 Recurrences / 递推
	15.9 Relations / 关系
	15.10 Graphs and Trees / 图与树
	15.11 Boolean and Computation / 布尔与计算

	16. Quiz 高频题型 / Frequent Quiz Patterns
	16.1 逻辑题 / Logic
	16.2 数论题 / Number Theory
	16.3 计数题 / Counting
	16.4 概率题 / Probability
	16.5 图论题 / Graph Theory

	17. 中英术语表 / Bilingual Glossary


